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A remark on the uniqueness problem
for the weak solutions
of Navier-Stokes equations *)
Francis RiBaup (U
RESUME. — Nous donnons de nouvelles classes d’unicité pour les so-

lutions faibles des équations de Navier-Stokes en dimension trois. Ces
résultats étendent ceux de Prodi, Serrin, Sohr et von Wahl & des espaces
de type LI([0, T}, (H5(£2))3) pour des valeurs de ¢ dans ]1,2].

ABSTRACT. — We give some new class of uniqueness for the weak solu-
tions of the three dimensional Navier-Stokes equations. This extends the
results of Prodi, Serrin, Sohr and von Wahl concerning this problem to
some spaces of the type LI([0, T}, (H(2))3) with ¢ in ]1,2].

1. Introduction and main results

We consider the uniqueness problem for the weak solutions of the Navier-
Stokes equations
Ou— Au+ (u.V)u=F +Vp,

Vu=0,
Ut=0 = a,
U|a0 =0.

(*) Regu le 23 février 2001, accepté le 4 décembre 2002
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5 bd Descartes, Cité Descartes, Champs-sur-Marne, 77454 Marne-La-Vallée Cedex 2,
France.
e-mail : ribaud@math.univ-mlv.fr
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Here, a denotes a divergence free vectors field in (L2(£2))? and Q is either R?,
Ri or an open set in R? with smooth compact boundary 9. For simplicity,
we will assume that the external force F’ vanishes but our results can be ex-
tended to the case of nonzero external force F with F € L2(R*, (H1(Q))?)
(see for instance [T] for this question) and where (H4) below would be re-
placed by

(He) vt > 0, [lu(t)|Z- +2/0 [Vu(s)l1Z2ds < [lallz: +/ (u(s), F(s)) ds

Since the works of Prodi [P], Serrin [S], Sohr and von Wahl [SW] it is well
known that there exists a tight relation between the uniqueness problem and
the regularity problem for the weak solutions of (NS). Indeed, the existence
of one weak solution satisfying some suitable regularity properties would
imply the uniqueness of weak solutions of (NS). More precisely, if there
exists one weak solution in L2([0,T], (LP())3) with 2/¢+3/p =1, 2 <
q < 400, then this solution is the unique weak solution of (NS). This result
was first proved in [P] and extended in [S] to the dimension d = 4 when
2/q+4/p = 1,2 < ¢ < +0o. The generalization to arbitrary dimensions
was given in [SW} (2/q +d/p =1, 2 < ¢ < +00) where the authors also
considered the exceptional case of weak solutions in C°([0, T}, (L¢(2))%).
We refer also to the recent papers [FLR| and [LM] for different proofs of
the well-posedness of (NS) in C°([0,T], (L3(R?))%) with initial data a €
(L3(R3))® and to [GP] for a weak-strong uniqueness result for initial data
in (L2(R)3 N (Brit®"(R?)3 with 3/r +2/q > 1 (Brg ™" (R®) being a
Besov space).

In this paper our aim is to obtain similar uniqueness results for some
other classes of weak solutions. We consider some classes of weak solutions
which are more regular in space but less integrable in time than in [P],
[S], [SW] and we prove that they are also some classes of uniqueness. In
particular, we obtain that if there exists a weak solution u of (NS) such that
u and Vu belong to L4([0,T], (LP(R))3) with 2/¢+3/p=2,1< ¢ < o0
then u is the unique weak solution of (NS).

In the rest of this section we recall first some notations and definitions.
Next, in Theorem 1, we recall the results of Prodi, Serrin, Sohr and von
Wahl concerning the uniqueness problem and then, in Theorem 2, we give
our main result.

Following some usual notation, for s integer H({2) will denote the usual
Sobolev space and for non integer values of s, s = 0k +(1—6)(k+1), H3(Q)
is the complex interpolation space [H; k(Q), HE1(Q)]p (see [A] for further
details). For p = 2, we let H*(Q?) = H3 (Q) and HO () is the completion of
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C2°(9) the set of smooth compactly supported functions in  with respect
to the usual norm of H!(2). Also, E%(Q) will denote the set of vector fields
u = (uy,u2,us) in (L?())3 such that V.u = div u = 0 in D’(). For u and
v in (L?*())3, (u,v) is the usual inner product of u and v and X* is the
dual space of X.

According to Leray’s definition [L], we will say that u is a weak solution
of the Navier-Stokes equations if u satisfies the following properties

(H1) u is weakly continuous from R™ to E2.
(H2) u € L®(R", E*(Q)) N L*(RY, (Hy (2))*) .
(H3) For all ¢ in (CP(RT x Q)3 with V.o =0,

+00 +oo +00
| o [ wagr+ [ @9 + (@,00) =0
0 0 0
for all ¢ in (CX (R x Q))3,
—+o00
/ (u, V.$)dr =0
0
andu=0 on Rt x 9Q .
t
(H4) vt > 0, Jlu(®)l|7= + 2/0 IVu(r)|[72dr < [lall3- -

For all a in E?, there always exists such a weak solution, see [L] when
Q = R® and, among the huge literature on this subject, we refer to [T]
and [Li] for the existence of weak solutions in more general situations and
also for more references concerning (NS). The uniqueness of weak solutions
remains an open problem in the three-dimensional case but, as explained
previously, the existence of one weak solution with suitable regularity would
imply the uniqueness :

THEOREM 1 (Prodi, Serrin, Sohr, von Walh). — Let u and v be two
weak solutions of (NS) for the same initial data a € E2. If

q p 3 wi 2 §=
u € L([0, T), (LP())?) thq+p 1,

2<g¢<+0,3<p<+o00, (1)

then u = v on [0, T]. Furthermore, C([0,T], (L3(R))?) is also a uniqueness
class.

Our aim is to prove the following extension of Theorem 1.
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THEOREM 2. — Letu and v be two weak solutions of (NS) for the same
initial data a € E?. If

we L0, T, (H3(Q))%) with g _ s+t % —1, @)

1<pg<+o00,s>0, (3)
then u=v on [0,T].

Remark 1.— Let u be a weak solution of (NS) and assume that u belongs
to LI([0,T], (H5(Q))?) with 2/g—s+3/p=1,s > 0. When s < 3/p (ie
when ¢ > 2), by the Sobolev embedding theorem u fulfills condition (1)
of Theorem 1 and so u is the unique weak solution of (NS). Hence, when
s < 3/p, Theorem 2 is just a corollary of Theorem 1. However, when 3/p < s,
then u belongs to L?([0,T], (H5(€))%) with ¢ € (1,2) and our uniqueness
result can not be recovered from those of [P}, [S] and [SW] which all required
g > 2. Thus, roughly speaking, Theorem 2 extends the uniqueness results of
Prodi, Serrin, Sohr and von Wahl to some classes of weak solutions which
are more regular in space but less integrable in time.

Remark 2.— From Theorem 1, L2([0, T], (L>(£2))?) is also a uniqueness
class (this is one of the two borderline cases in Theorem 1). Our correspond-
ing result is slightly different since we obtain that L*([0,T], (HZ/P(Q))3) is
a uniqueness class. This result can not follow from Theorem 1 because the
embedding H2/P() < L(2) does not hold.

2. Proof of Theorem 2

The proof of Theorem 2 follows closely those given in [S], [SW] and [T]
(see also [G] and [FJR] for initial data in (LP(2))3, p > 3). First we give a
differential inequality on the L? norm of w(t) = v(t) — u(t) (see Proposition
1). Next, from this differential inequality and from some estimates on the
nonlinear term (w,w.Vu) (see Proposition 2 and also Proposition 3), we
prove that w(t) = 0. For the convenience of the reader, we will give the
proofs of Proposition 1 and 2 in Section 3.

PROPOSITION 1. — Let u and v be as in Theorem 2 and let w = u —v.
Then we have

lew(®)[22 +2 / IVw(r)|2adr < 2|B(w, w, w)| (4)
0

where

B(u!,u?,u%) =/0 b(ul(T),u2(7'),u3(7')) dr
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and
b 1 2, 3 v /
(ut,u?, u?) = (ul, (u? Zuuka
i,k=1
Remark 3. — Inequality (4) is proved in numerous works under the assump-

tions of Theorem 1 (see [P], [S] and [T] among others).

PROPOSITION 2. — Let Q be either R3, Ri or an open set in R with
smooth compact boundary 0. Let s > 0 and p such that
3 3
l<p<+4o0, ——1g<s<—+1. (5)
p p
Then for

fe BX(Q)N (H5(Q)®, u e EX(Q) N (HH(Q))® N (H(Q)®
we have

b(F, £l < CIFIEE > IV AP lull g - (6)

We return now to the proof of Theorem 2. Let ¢, p and s be as in (2)-(3).
If s = 0 the result follows from Theorem 1. When s > 0, it follows from (2)
that (5) holds and from Proposition 1 and Proposition 2, for all ¢ € [0, 7],

ol +2 [Vaw(r)[adr < 2 / Ib(w(r), w(r), u(r))] dr

t
<C f w2 IV ()2 llu(r) s dr .

By the Young inequality we obtain

w2, +2 / IVe(r)|2adr

t t
< [ 1vusdr+ € [ fulsfuliy;dn
where ¢ is given by
2 3
—=14s—- .
q
Hence

()22 < / () 32 () [

and from the Gronwall’s lemma we deduce that w = 0 on [0, T].
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3. Proof of Propositions 1 and 2

3.1. Proof of Proposition 2

We assume first that © = R>. In order to prove (6) we introduce now the

homogeneous Sobolev space H 7 (R?) which is defined as the set of functions
f e L*R®), 1/z = 1/p — /3, such that (—A)% f € LP(R®). This space is
endowed with the norm

1l = =22 o,
and when p = 2, we just let H”(R®) = HJ (R?). Recall that
1l <Ml » 730, f e HYEY), )
and that
1l < IAIIVFNRe s v €0,1], f € HI(RY). (8)
Also recall the standard bilinear estimate
I£gllz < Cllfllgarm—liglgy » 0<v<3/p, 1<p<+oo, (9

where f € H3?~7(R?) and g € H;’(R3). We refer to [RS] for the proof of
(9) and for the proofs of (7)-(8) to [Tr] where further details concerning the
spaces Hj (R?) can be found.

When 1 < s and 3/p < s, from the Cauchy-Schwarz inequality and (9) with
v = s — 1 we obtain

6(f, f,w)] < CUflz2llfll ga-ovarn | Vull gg=1 -
Since 0 < 1 — s+ 3/p < 1, from (8) we get

Ib(f, £, )| < ClAE > PIV I P llullag - (10)

We consider now the case 0 < s < 3/p and 0 < s < 1. Since both f and u
belong to E2(R®) N (H(R?))3, integrating by parts we see that

b(f,f,u)=—b(u,f,f) .

Next by the Cauchy-Schwarz inequality and (9) we have
b(f, fr W)l <NV Fllz2llfllgsrm-slull s -

-230 -



A remark on the uniqueness problem for the weak solutions of Navier-Stokes equations
Since 0 < 3/p — s < 1, it follows from (8) that

(£, £, w)| < CUFIEE > PIV £ P llullgy - (11)

In the other cases, we consider the linear form defined by u — b(f, f,u). In
this case there exists s1, s3 and € such that Hj is the complex interpolation
space [Hp', H%]p where

3 3
O<0<1,O<sl<—,0<sl<1,1<32,5<52.
p

By interpolation, (10) and (11) it follows that
b(f, £ w) < CIAIE 2P IV Il Pl g

which ends the proof in the case § = R>.

We deal now with the case where  is Ri or a domain with smooth compact
boundary. Assume first that 0 < s < 3/p and 0 < s < 1. Since both f and
u belong to E%(Q2) N (H{(R))3, integrating by parts we see that

b(fafau) = _b(uaf;f) ’
and by the Cauchy-Schwarz inequality this yields
o(f, £, w)| <V fllz@ I f ull L2 -

We consider now an extension operator K build by reflexions (see [A] p. 65
for instance). It is well known that K satisfies ”K(u)“Lp(]R3) < CllullLe(e)

and HVK(U)“LP(R3) < C||Vul|z»(q) which implies that, for 0 < s < 1 and
feH; (),
IO gy ey < CllFlrgee) -

By the above calculations we have
b(£, £ )| < CIV @) 1K (F) K@)l 2 o, -
<OVl @ K DI R PIVE IR K @] . g
L2(R%) L2(R% H(R%)
< CIVAIES IS I @ 4, g,
< CIVAILEE "Il 1K )y s,
< OV I ooy el a1z o -
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Note that we have used div(u) = div(f) = 0 only at the very beginning of
the proof and before introducing K. This is why there is no problems to
work with K(f) and K(u) instead of v and v even if div(K(u)) # 0 and
div(K(f)) # 0.

We consider now the case 1 < s and 3/p < s. Then by Cauchy-Schwarz
inequality,
16(f, f,u)| < Ifllz2@) Il f Vullr2(o)
= Ifllz@ 1K () K(Vu)l L2
< 2@ KD KNV L ge,

<Oz IK(f) ||H1_s+3/p(R3) |K(Vu) ”H;'l (R?)
< C Ul K 5o IVE DI oy PIE (Vo) g e
< CUAIE IV oy PIE (V)| -1 e
< CIAIEES PNV £ a1Vl 31 )

14s—3 1-s+3
<CIAIE IV lulluge) -
In the other cases the proof follows by interpolation.

3.2. Proof of Proposition 1

The main step in the proof of Proposition 1 is to obtain the identity

(u(t),v(t)) — lall2: = —2/0 (Vu(r), Vou(r)) dr + B(w,w,u) . (12)

Once that (12) is proved, using the energy inequality expressed through
(H4) there is no difficulty to obtain Proposition 1 : this follows from a
straightforward computation of (w(t), w(t)) = (v(t) — u(t),v(t) — u(t)) and
this is left to the reader. To prove (12) under the regularity assumptions of
Theorem 2 it will be convenient to use the following notations :

X = L*((Hs(2))%) N L®(E*()) ,
Y = L*((H§(@)*) N L®(E*(Q)) N L9([0, T, (H3(Q))%)
and for f in Y we define || f||y by
Iy = I fllLooeey + 1 f L2y + 1 Lecay)
where s, p and ¢ fulfill (2) and (3).

Next we will need the two following results.
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PROPOSITION 3.— For all f € X and u € Y we have

B(f,f,u)=—B(u,f,f) ) (13)
IB(f, f,u)l < ClFI L= N F I ] P lull pacars) (14)

and
|B(f,u,0)| < CIF ey poy | F 172y el (15)

where 8 = 3(s,p) belongs to 10, 1].
Proof of Proposition 3. — Let us consider f € X, g€ X and h € Y.
When 0 < s < 3/p and 0 < s < 1, we notice first that B(f,g,h) =

—B(h, g, f). Then from the Cauchy-Schwarz inequality and (9) with v =
3/p — s we have

IB(f,g.h)| < / IV £ ) 219 srsrm—o IRy dr -

Since 0 < 3/p — s < 1, using (8) we obtain

IB(f, 9, W] < Cllglls2l? / IV £ ez g I () g dr

and by the Cauchy Schwarz inequality,

[N

|B(f,9,1)| < Cllgl = PN fllcaarny ( / g 152~ IR (), dr)
Now we apply the Holder inequality which leads to

1B(f,9:0)] < Cllflcacam gl =PIl e o Il o) - (16)

When 1 < s and 3/p < s, by the Cauchy-Schwarz inequality and (9) with
v=3/p+1—s we get

t
B0 < C [ U perssnllg 2l TH) g

Since 0 < 1 — s+ 3/p < 1, using (8) we obtain

t
B, 00 )| < Cllallzma 1525 [ IFO 10l dr
Hence, by Holder inequality
|1B(f,9: )| < CI 5o | Fll sz ey Pl oo ooy IRl pagargy - (17)
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In the other cases we consider now the linear form h — B({f, g, h). In this
situation, there exists g1, go, 1, s2 and € such that LI(H,) is the complex
interpolation space [L% (H3') ; L9 (H;?)]p with

3 3
0<0<1,0<s81<~-0<s1<1,1<82,—<52,
p p
and 5 5
—=14s—-—=, —=1+53——
q1 q2

Then by interpolation, (16) and (17) we obtain that there exists 6 € [0, 1]
such that

|B(f,9,h)l
(1—0)(5—%) 0+(1—-0)(1—s+2) 1——0(%——5) 0(%~s)
<Clfllpoerzy “ N llL2gan PNl oo 2y N9l 22y 1PNl acag) -
Thus, for g = f and h = u, we obtain (14) and for g = h = u we obtain
|B(f,u,0)| < ClFI ooy LI 2 oy el

where 3 =0+ (1-60)(1-s+3/p) >0since s <3/p+1and0<f <1
which ends the proof when Q = R®.

Again, if 2 is Ri or a domain with smooth compact boundary, we just have
to introduce an extension operator K to obtain the proof.

LEMMA 1.— Letp and ¢ defined by 1/p+1/p' =1 and1/q+1/¢ = 1.
1) If v € X is a weak solution of (NS) then
dw € Y* = LA(R*, (H™(Q) + [L=(RY, EY)]" + LY (RT, (H,*()%) -

2) If u €Y is a weak solution of (NS) then
du € X* = LARY, (H1(9Q)%) + [L=®RT, EY)]”
Proof of Lemma 1.— We prove only the second part, the proof of
the first one is similar. From (H2) we see that d;u is well defined in the

distributional sense. Furthermore, from (H3), for all smooth function ¢ with
compact support on [0, +00[x 2 such that V.p = 0, we have

+oo +oo
< Oy >= / (Opulr), o(r))dr = — / (Vu(r), Vo(r))dr+
+o0
/0 (u(r), (u(r)-V)p(r))dr + (@, 0(0)) -
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Now, from Proposition 3 we get

+oc +00
.A @ur),pr)ir == [ (Vulr), Velr))ar-

0

“+o00
[ ), @)y + (@ 00)
0
and since u € Y, from (15) of Proposition 3 we obtain
| < 8w, > | < |lullaca)llellLzamy
Hlul3-lel 1= 2 121122 a1y + llall L2 @l o (z2)
which ends the proof.

Now, in view of Lemma 1, for all v € X a weak solution of (NS)
there exists a subsequence of smooth functions v, with compact support
in [0, +00[x$ such that

(P1)
1) V. =0
2) lirr(l)vg = v in L2((H}(Q))3).
3) Foralle > 0, “'Ug”Lao(L2) < ”U“LC’O(LZ)-
4)Forall pin Y, lir% < Ogve, @ >=< Osv, > .
In the same way, for all u € Y a weak solution of (NS), there exists a

subsequence of smooth functions u. with compact support in [0, +00[x 2
such that

(P2)
1) Vaue =0
2) lir% ue = uin L2((H(Q))®) N Lq((Hg(Q))3).
3) For all € > 0, |Iu€”Loo(L2) < ”’Ll,“Loo(LZ).

4) For all ¢ in X, lin%J < Ogue, o >=< Qyu, > .

Consider v, asin (P1) and u, as in (P2). Then, from (H3) and from Theorem
4 p. 79 in [S] we have
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(a) /O(u,atvs)dr——/(; (Vu,VvE)dT—i-/O (u, (u.V)ve)dr =
(u(t), ve(t)) — (a,v:(0)) ,

and
(0) /O(U,atus)dT—/O(VU,Vus)dT-%-/o (v, (v.V)ue)dr =

(v(t), ue(t)) = (a,uc(0))

Now we want to add (a) and (b) and pass to the limit when ¢ — 0. Clearly,
we have

/(Vu(T),va(T))dT-»/ (Vu(r), Vo(r))dr ,
0 0

/ (Vo(r), Ve (7))dr — / (Vu(r), Vo(r))dr
0 0

(a,2:(0)) + (a,u&(0)) — 2[lalZ= ,

(u(t), ve(t)) + (v(t), ue(t)) — 2(u(t), v(?)) -

This follows directly from (H1), (H2) together with (P1-2), (P1-3), (P2-2)
and (P2-3). Also, using (P1-4), (P2-4) and since v € X and u € Y, we see
that

/ (u(7), Opve (7)) + (v(7), Opuc(7))dT — / (u(7), Bv(7)) + (u(r), Bpv(T))dr
0 0

= [ au(r),otrer = wl®,o(0) s -
Next, from (P1-2), (P1-3) and (15) of Proposition 3, we have
/ (w(r), (7). V)ve(7))dr = B(u, u,v.) = —B(ve,u,u) — —B(v, 1)
and from (P2-2) and (14) of Proposition 3,

+0o0
/0 (0(r), (v(r). Ve (r))dr = B(v,v,uc) — B(v,v,1u) -
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Now we add (a) and (b) and for € — 0 we see that

(u(t),v(t)) — ||a||2Lz - 2/ (Vu(r), Vo(r))dr + B(v,v,u) — B(v,u,u) =
0

2(u(t), v(t)) - 2llallz

Now, again from Proposition 3, B(u, v, u) is well defined and vanishes which
proves that

B(v,v,u) — B(v,u,u) = B(w,w, u).

Hence we obtain

(A]

[FIR]

[FLR]

(G]

[GP]

(L]
(L]

[LM]

(Pl

[RS]

(u(t), v(8)) — [lalfZa = 2 /0 (Vu(r), Vo(r))dr + B(w, w,u) .
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