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Invariant local Dirichlet forms
on locally compact groups *

ALEXANDER BENDIKOV (1), LAURENT SALOFF-COSTE (?)

RESUME. — Soit G un groupe localement compact connexe localement
connexe métrisable, typiquement de dimension infinie, i.e., qui n’est pas
un groupe de Lie. Nous considérons les espaces de Dirichlet locaux dans
L?(G) (par rapport & une mesure de Haar gauche ou droite) naturelle-
ment associés & un semigroupe de convolution gaussien (u¢):>o0. Nous
considérons la question de savoir si (u¢)t>0 admet une densité continue.
Nous montrons que tout groupe comme ci-dessus porte des semigroupes
de convolution gaussiens admettant une densité continue. Nous estimons
cette densité hors de la diagonale en fonction du comportement sur la
diagonale et donnons quelques applications.

ABSTRACT. — Let G be a locally compact connected locally connected
metric group, typically infinite dimensional, i.e., not a Lie group. We
consider those local Dirichlet spaces in L?(G) (with respect to either the
left- or the right-invariant Haar measure) whose Markov semigroup is
naturally associated to a Gaussian convolution semigroup of measures
(1t)¢>0. We consider the questions of whether or not (ut)t>0 can have a
continuous density and what type of short-time estimates of this density
can be obtained. We prove that Gaussian semigroups having a continuous
density do exist on any group G as above. Under some specific assumptions
on the on-diagonal behavior of the density, we give off-diagonal estimates.

1. Introduction

Let G be a locally compact connected metric group. Unless explicitly
stated, all the groups considered in this paper are of this type. We will equip
G with its right or left Haar measure denoted respectively by v, and v;.
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The aim of this paper is to study certain short time properties of Gaus-
sian convolution semigroups of measures on G when G is (typically) infinite
dimensional. The case of compact connected groups is studied in detail in
[6], [7]. Here, we deal mostly with non-compact groups. We will be concerned
with Gaussian convolution semigroups that are associated with self-adjoint
semigroups of operators on either L?(G, v,.) or L?(G, v;). One of the main re-
sult of this paper is Theorem 5.1 which shows that, on any locally compact,
connected, locally connected metrizable group, there are many Gaussian
semigroups having a continuous density with respect to Haar measure.

1.1. Notation

Let v; (resp. V) denote a fixed left-invariant (resp. right-invariant) Haar
measure . Let m : G — (0,+00) be the modular function of G, i.e., the
function such that

v(Vg) = m(gu(V) (1.1)
for all Borel subsets V' of G. We also have

diy(z) = m(z~1)dy (z) (1.2)

where 7 is defined by #(V) = v(V~!) for any measure v. Recall that G
is unimodular if m = 1 and that any compact group is unimodular. We
assume that the Haar measures v, v, are chosen such that

dvi(z) = m(z)dv, (). (1.3)
This is equivalent to say o, = v,.

For clarity, let us recall the definitions of convolutions of two measures,
two functions, and measures and functions; See [21, I, Chp. V]. For two
finite complex Borel measures p, v, the convolution u * v is a finite complex
Borel measure defined by

View©), wirlf)= [ fendue)dniy)
GxG
For functions f, g € Co(G), the convolution f * g is the function
£r9@) = [ fanayan) = [ f@el e)n ()
G G

For a function f € Co(G) and a finite complex Borel measure u, we set

px f(z) = / fy~ e)du(y), f+ple)= / m(y) ™ f(zy™")du(y).

G G
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These definitions are consistent when the measure y (resp. ) has density
f (resp. g) with respect to the left Haar measure ;.

Let (u¢)t>0 be a weakly continuous convolution semigroup of probability
measures on G. This means precisely that (u:):>¢ satisfies

(a) Mt * hs = Utts, t,s > 0
(b) pt — 0, weakly as t — 0.

Recall that this semigroup is a Gaussian convolution semigroup if it also
satisfies

(c) t7lus(Ve) — 0 as t — 0 for any neighborhood V of the identity
element e € G.

A Gaussian measure is a measure u that can be embedded in a Gaussian
convolution semigroup (u):>o so that u; = u.

A measure p is symmetric if and only if 4 = p. By definition, a convo-
lution semigroup (u:):~o is symmetric if each y;, t > 0, is symmetric.

Each Gaussian convolution semigroup (u:):>o defines a semigroup of
contractions (Hy)¢~o on L>(G,v,.) = L*®(G, v,;) given by

H,f(z) = /G f(@y)d(y). (1.4)

Clearly, (H:)i>0 is Markov semigroup. Moreover, it commutes with left
translations. If G is unimodular, H; can be expressed in terms of convo-
lution by

Hyf = f* fis.

If G is non-unimodular, the formula reads

#i@) =m(a) (L) ] @1

The semigroup (Hy);>0 extends to L2(G, dv,.) and its adjoint is given by

H; f(z) = / F(ay)diin().

Thus H, is self-adjoint if and only if u; is symmetric. It follows that each
symmetric Gaussian convolution semigroup defines a regular strictly local
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Dirichlet space (£,F) on L?(G,v,). Let —L denote the L?(G,v,) infini-
tesimal generator of (Hi):>o. We will also refer to —L as the infinitesimal
generator of the convolution semigroup (pt)¢>0. For background on Dirichlet

spaces, see [19]. For background on convolution semigroups of measures,
see [22].

1.2. Overview of the paper

In Section 3.2 of this paper, we consider the Dirichlet spaces (£,F)
on L?(G,v,) associated to Gaussian convolution semigroups as above and
we describe their infinitesimal generators in terms of “partial differential
operators”. When G is not unimodular, these Dirichlet spaces are not left-
invariant because they are defined on L?(G, v,.) which is not left-invariant.
Thus, in section 3.3, we consider and characterize strictly local, left-invariant
Dirichlet spaces on L?(G, ;). For Lie groups, these descriptions are conse-
quences of celebrated theorems of Hunt and Beurling-Deny; See [22], [19].
The general case follows from the fact that any locally compact connected
group is the projective limit of connected Lie groups. In this context, a use-
ful tool is the notion of projective basis for the (infinite dimensional) Lie
algebra G of G. See [13], [14] and Section 2 below.

In Section 4 we discuss the basic properties of the intrinsic (quasi-)
distance associated to these Dirichlet spaces (see, e.g., [11], [15], [27]). For
instance, we show that under a natural non-degeneracy condition, the subset
of all the points that are at finite distance from the neutral element is dense
and either has Haar measure zero or is actually equal to G. Following [6], we
introduce another distance called the relaxed (quasi-)distance which plays
an important role when the intrinsic distance is co almost everywhere.

On Lie groups, the intrinsic distance introduced in Section 4 is useful to
estimate the density of the associated Gaussian semigroup. On more general
groups, it is not entirely clear that Gaussian semigroups having a continuous
density exist. In Section 5, we state and prove Theorem 5.1 which asserts
the existence of many Gaussian semigroups having a continuous density. In
Section 6, we discuss Gaussian type estimates involving either the intrinsic
or the relaxed distance.

1.3. Notation concerning the densities of Gaussian semigroups

Our main interest is to study certain analytic properties that a Gaussian
convolution semigroup (ut):>o0 may have or not. To start we consider the
following property.
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(CK) For all t > 0, u; is absolutely continuous with respect to the Haar
measure dv; and admits a continuous density p(+).

Whenever (CK) is satisfied, we denote by

T — ()

the corresponding density so that
dus = pedy;. (1.5)

Of course, having a continuous density with respect to left or right Haar
measures are equivalent properties. Assuming that (CK) holds, we denote by

T pp(x)
the density with respect to the right Haar measure v,.. We then have

pi (z) = m(z)pe(x).

It is important to note that the fact that the measure y; is symmetric is
equivalent to say that its (left) density = — u,(z) satisfies

pe(x™h) = m(z)pe(z) = pf (). (1.6)

The existence of Gaussian semigroups of measures satisfying (CK) or even
having a density is not an obvious fact in the present generality. In this
respect, let us recall the following facts (see [22, Chapter 6.4] and [8]):
(a) Each symmetric Gaussian measure is supported by a connected closed
subgroup; (b) A locally compact connected group that admits a Gaussian
measure which is absolutely continuous w.r.t. the Haar measure must be lo-
cally connected and be a metric group (i.e., must have a countable basis for
its topology). Theorem 5.1 (proved below in Section 5) shows that any lo-
cally compact, connected, locally connected metrizable group admits plenty
of symmetric Gaussian semigroups having property (CK) or even stronger
properties.

The following strengthening of property (CK) are of interest to us:

(CKx) For all t > 0, y; has a continuous density u;(-) w.r.t. the Haar
measure dv; and this density satisfies

lim ¢ log (u1(€)) = 0. (*)

(CK#) For all t > 0, p; has a continuous density u(-) w.r.t. the Haar
measure dv; and this density satisfies

lim sup () =0 (#)
t—0 e K
for any compact set K C G such that e € K.
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The property (#) relates to the off-diagonal behavior of u;(-) and can some-
how be interpreted as a very weak Gaussian upper bound. It plays an im-
portant role in potential theory. See [1], [6].

The next properties involve a fixed non-decreasing positive function 2.

(CK%) For all t > 0, u; has a continuous density u;(-) and

Vte(0,1), 0s<1:121 {%} < +o00. (®)

(CKy*) For all t > 0, u; has a continuous density u.(-) and

. log(ui(e))
(CKW%) For all t > 0, u; has a continuous density p:(-) and
log log(u+(€)) }
Vte(0,1), Os<1t11<)1{ V) < +o0. (W)

The W in this notation refers to the fact that condition (CKW4v) is much
weaker than (CKv) itself. Of course (CKW1) is the same as (CKe®¥) for
some constant ¢, but we find this additional notation useful.

Let us describe some functions % that are of special interest in the present
context.

o Y(t) = Ya(t) = t*, for some A € (0,+0c0). Note that (CKx) is a
shorthand for (CKz;#). Concerning (CKW4)), we will use only the
case (CKWt*), A € (0,00). In fact, if A > 1, (CKW¢*) is already
too weak to be of much use with the techniques available at present
(that is, in some sense, we do not know significant differences between
Gaussian semigroups satisfying (CK) and (CKW#*), A > 1).

e 1) is a regularly varying non-decreasing function of some index 0 <
A < 400. The function

Y(t) = tMlog, t]°* ... [logy t]**

where log; t = log(1+t), log, t = log(1+1log;_; t), is a good example
of a regularly varying function of index A. Note that this includes
the possibility that ¥(t) = [log, ¢]**...[log, ¢|**, when A = 0. In
this case, v is a slowly varying function. We refer to [10] for a book
treatment of regularly varying functions.
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Remark. — Consider the semigroup (H):>o associated to a convolution
semigroup (ut):>o0 by (1.4). The transition function of this semigroup is

given by h(t,z,V) = pe(z1V)

for all Borel sets V' C G. Clearly this transition function admits a density
with respect to dv, if and only if u; does and, if it exists, this density w.r.t.
dv, is given by

h(t, z,y) = m(y)u(z ™ y) = m(z)p; (™ 'y). (1.7)

Recall that, in general, a semigroup (Hy)¢>o defined on L!(M,v) is ultra-
contractive if Hy sends L'(M,v) continuously in L (M, v), for each t > 0.
This is equivalent to say that, for each ¢ > 0, H; admits a bounded ker-
nel h(t,z,y) with respect to v. It is important to make the following two
observations:

o The properties (CK), (CKx), (CK#) introduced above for the con-
volution semigroup (u:):>o0 are equivalent to the properties (CK),
(CKx), (CK#) for the semigroup (H:):>o as defined in [3], [4], [6].
This is because these properties (in terms of (H;);~0) are local prop-
erties. See [6].

e As m is a multiplicative function, it follows that (H;):~o cannot have
a bounded kernel w.r.t. v, unless G is unimodular. In particular,
(H¢)¢>0 at (1.4) cannot be ultracontractive on L'(G,v,) unless G is
unimodular. See (1.7).

In [6], properties similar to (CK%) are introduced in the setting of
symmetric Markov semigroups with yu.(e) replaced by sup, h(t, z, z). These
properties are called (CKU...) in [6] instead of simply (CK...) here. The
extra U used in [6] stresses the fact that the properties introduced there
are quantitative versions of ultracontractivity. When G is unimodular (and
only in this case), the properties introduced above and in [6] coincide when
applied respectively to a symmetric Gaussian semigroup (u¢);>o0 and to the
semigroup (Hy):~o defined at (1.4). For non-unimodular groups, we will see
that the properties (CK...) for symmetric Gaussian semigroups of mea-
sures coincide with the properties (CKU...) from [6] for another Markov
semigroup acting not on L?(G, v;.) but on L?(G, ;).

2. Gaussian semigroups and the projective structure

2.1. The projective structure

Let G be a locally compact, connected metrizable group (hence, G has
a countable basis for its topology). Then, there exists a decreasing sequence

- 309 -



Alexander Bendikov, Laurent Saloff-Coste

of compact normal subgroups K,, a € I, such that (), K, = {e} and
G/Ks = G4 is a connected Lie group. See [20], [22], [29]. Here, the set I
can be taken to be either a singleton or the countable set I = N. Of course,
I can be taken to be a singleton if and only if G is a Lie group. Denote
by m, the canonical homomorphism G — G, and by 7, g the canonical
homomorphism Gg — G, for a < . Then the group G is the projective
limit of the family

(Gﬂ,ﬂa,ﬁ)7 a’ﬁeI, agﬂ'

For readers unfamiliar with projective limits, let us emphasize that the
maps 7, g are crucial ingredients of the notion of projective limit. A given
sequence of abstract groups (G )1 can lead to very different projective limits
depending on the specific nature of the maps 7, g.

The group G admits a Lie algebra G which is the projective limit of
the system formed by the Lie algebras G, and the maps dm, g. For clarity
and later use, let us recall one possible way to understand projective limits.
The fact that G = lim proj G, implies that we can regard G as a closed
subgroup of the product []; G. Namely, G consists of those sequences (g4 )1
such that, for all a < 3, go = 7a,8(g3)- In particular, 7, is the restriction
to G of the canonical coordinate mapping [[; Gg — Gq. This makes it clear
that G is determined by the sequence (Gg,mq3), @, 8 € I, a < 3. The
same remark applies to the Lie algebra of G. In particular, the exponential
map exp : G — G is the restriction to G of the product of the exponential
maps exp, : Go — Gqo, a € I. The differential dry : G — G, is defined
similarly.

The following two definitions are important for our purpose.

DEFINITION 2.1. — Let (us)t>0 be a Gaussian convolution semigroup
on G = lim proj Go. For each o € 1, define (i t)t>0 to be the convolution
semigroup on G, given by

pat(V) = pe(n1 (V).
It is easy to see that (ua.t):>0 is Gaussian.
DEFINITION 2.2. — We say that a Gaussian convolution semigroup

(4t)t>0 ts non-degenerate if for each a € I, po, is absolutely continuous
with respect to the Haar measure on G4 for allt > 0.

Remark. — If p, is absolutely continuous w.r.t Haar measure for all ¢ >
0, then clearly p,, is absolutely continuous w.r.t the Haar measure on G,
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for all t > 0 and all @ € I. By a result of Siebert [26] this implies that
(ta,t)t>0 admits a smooth density. In general, the converse is not true at
all: it may of course be the case that each (fq,t):>0 admits a smooth density
and (ut)¢>o is singular with respect to Haar measure. See e.g., [1].

We now introduce in the discussion the notion of projective basis. As
the sequence (K, ) is decreasing, one can show that there exists a family
(Xi)ies which is a projective basis for G with respect to (K,);. That is,
for any a € I, there is a finite subset J, of J such that dr,(X;), ¢ € J,,
form a basis of the vector space G, and dmo(X;) = 0 if ¢ ¢ J,. Note that,

in particular,
J= Ja

a€l

In what follows, we fix a sequence (K, ) and an associated Lie projective
basis (X;)s. Let C, be the set of all functions f on G of the form f = ¢om,
with ¢ € C§°(G,). In this context, the set C of Bruhat test functions is
defined by

¢c=JC (2.1)

a€l

It plays the role that the set of smooth cylindric functions plays in the case
of infinite products. Observe that

Xif(z) = do(mo(z)) 0o dmo(X;), i€ J, z€G

is well defined for f = ¢ o 7y € Cy. See Born, [13].

In [14], Born proves a general Levy-Khinchin formula which describes
the infinitesimal generator of any given convolution semigroup on G in terms
of a fixed projective basis of the projective Lie algebra of G. A crucial step is
to observe that C, the set of Bruhat test functions, is contained in the (L? or
Co) domain of the infinitesimal generator of any convolution semigroup. This
easily follows from Hunt’s celebrated description of convolution semigroups
on Lie groups. See [23].

In the special case of Gaussian semigroups the Levy-Khinchin formula
reads as follows.

THEOREM 2.3 ([14]).— Let G be a locally compact, connected, group
having a countable basis for its topology. Fiz a projective basis (X;);cy of the
projective Lie algebra of G. There is a one to one correspondence between
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the set of all Gaussian semigroups (ui)i~o on G and the set of all pairs
(A, b) where A = (a;,;)sxJ is a symmetric non-negative real matriz indezed
by J and a sequence b = (b;) s of reals such that the infinitesimal generator
—L of (ut)e>o0 is given by

Lf=- Z aiJXinf‘*'ZbiXif for all f €C.

4,j€J ieJ

Here and in the sequel, we say that a symmetric matrix A = (a; ;) sx.s is non-
negative (resp. positive) if Zi’j a; ;€€ > 0 (resp. > 0) forall § = (§)s # 0
with finitely many non-zero real coordinates.

Note that for any given f = ¢ o my, a € I, the above formula for L
involves only finitely many non-zero terms and reads

Lf=- Y aij(dma(Xo)dna(X;)8)omat Y (dra(X:)9)oma = (Lad)oma

1,j€Ja i€Ja

where —L,, is the infinitesimal generator of (iq,t)t>0 on Go. As we shall see
below, a Gaussian convolution semigroup (u¢):o associated to a pair (4, b)
as above is symmetric if and only if b = 0.

We want to point out a consequence of the above theorem that will be
important later in this paper.

COROLLARY 2.4.— Let G be a locally compact, connected, group having
a countable basis for its topology. Let H be a closed normal totally dis-
connected subgroup of G. Then any Gaussian semigroup (ut)i>o on G/H
can be lifted uniquely to a Gaussian semigroup (fi;)t>0 on G so that the
image of (Ii)t>0 by the canonical projection G — G/H s (t)t>0-

The proof follows immediately from Born’s result because G and G/H
have the same projective Lie algebra. More precisely, the Lie algebras of G
and G/H can be identified through the map dr where 7 is the canonical
projection from G onto G/H. Indeed, G/H is the projective limit of the
groups G,/H, where H, is the projection of H on G,, that is H, =
HK,/K, = H/(H N K,). By construction H, is a closed subgroup of the
Lie group G,,. By a theorem of Cartan, it follows that H, is either discrete
or a Lie group. By [21, 3.5;7.11], the fact that H is totally disconnected
implies that H, is not a Lie group. Hence H, is discrete. This shows that
the groups G, and G, /H, have the same Lie algebra. The result follows.
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2.2. Sums of squares

We now want to give an alternative description of the generators of
Gaussian convolution semigroups. Let (X;); be a fixed projective basis of
the Lie algebra G of G. Consider a sequence of vectors

;=) m;X;€6, i=0,1,2,...
jE€J

and define formally a differential operator L by setting
o0
L=-)Y?+Y,
1
One can easily check that this operator is well defined on C if and only if

[ee]
Vied, Y Im;l? < +oo. (2.2)

i=1
Assuming (2.2), —L is clearly the infinitesimal generator of a Gaussian con-
volution semigroup. Conversely, the following lemma from [6] shows that
any infinitesimal generator of a Gaussian convolution semigroup is of this

form. As we shall see below, this convolution semigroup is symmetric if and
only if Yy = 0.

LEMMA 2.5.— Let A = (a;;) be an infinite symmetric non-negative
matriz. There ezists an infinite matriz T with lines 7; = (7, %1)72, € R®
such that:

(i) Tk =0 if k <1, that is, T is upper-triangular.
(%) ¥ € € R(®), (A¢,8) = 37° (7, €)%
Moreover, the lines 7, = (7; )k form a basis in R® if and only if A is

positive. This is the case if and only if 7, ; > 0 for all i.

Note that (2.2) is automatically satisfied here because of the upper-
triangular nature of 7.

The following two definitions will help clarify future discussions (note
the special role played by Yp).

DEFINITION 2.6.— LetY = (Y;)3° be a system of vectors in G satisfying
(2.2).
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1. We say that Y is a Hormander system if for each o the Lie algebra
generated by the vectors dmo(Y;), i = 1,2,... is Go. In other words,
Y, i=1,2,..., generates G.

2. We say that Y is a Siebert system if for each a the linear span of
dro(Y3), ¢ = 1,2,... and the brackets of length at least two of the
vectors dno(Y;), 1=0,1,2,..., is G,.

With this definition, we can state the following result.

PROPOSITION 2.7.— LetY be a system of vectors in G satisfying (2.2).
Then the associated Gaussian convolution semigroup (it)t>o s non-degene-
rate if and only if Y is a Siebert system.

This immediately follows from Siebert’s theorem [26]. It follows that
(u¢)t>0 can well be non-degenerate even if the system Y = (Y;) is not a
basis of the Lie algebra G since it suffices that Y generates G as a Lie algebra
(in the appropriate sense). Note that if Yo = 0 (i.e., if (1¢)¢>0 is symme-
tric) or, more generally, if Y is in the span of Y;, ¢ = 1,2,..., then Siebert
condition reduces to Hérmander condition. In this case it follows that the
projections (iq,t)t>0 of the non-degenerated convolution semigroup (u:):>0
have smooth strictly positive densities.

3. Dirichlet forms associated to Gaussian semigroups

3.1. Semigroup of operators that commutes with left translations

Each weakly continuous convolution semigroup (u:):~o defines a weakly
continuous semigroup of contractions (H;):~o on L>°(G) given by

H,f(z) = /G F(@y)due(w).

Here L*°(G) stands for L*°(G,v;) = L*(G, v,.). Clearly, (H;);>0 is Markov
semigroup of operators and commutes with left translations. It is easy to
check that this semigroup of operators also acts as a semigroup of contrac-
tions on L(G, v,) since

/ \H, fldv, < / / | @)\ due()dvs (2) < | flh-

Hence, it extends to all LP(G,v,), 1 < p < 4+00. Moreover, its adjoint on
L?(G,v,) is given by

Hy f(z) = / F(@w)die(v).
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It follows that (H;)¢so is self-adjoint if and only if (u;)i~o is symmetric.
Thus each symmetric weakly continuous convolution semigroup defines a
Dirichlet space (£, F) on L?(G, v,.) where the form £ is given by

£(f,9) =lm +(f ~ Hof,0)r, frg€ F

where F is the set of all functions in L?(G, v,) such that
lim 2(f  Hof, f)r <
tl_I}’(l) ; f tSsJ/r Q.

Here (.,.), is the scalar product in L?(G,v;).

Recall that a Dirichlet space (£, F) is strictly local if £(u,v) = 0 for any
u,v € F such that v is constant on a neighborhood of the support of u (see
[19, (€7), pg. 6]). From the definition it follows that the Dirichlet spaces
associated with symmetric Gaussian semigroups are strictly local.

We now want to characterize all Dirichlet spaces on L*(G,v,) and
L?(G, v;) whose associated semigroup commutes with left translations. We
start with the following known result.

PROPOSITION 3.1.— Let (Hy)i~0 be a semigroup of bounded operators
acting on L™(G) such that H; commutes with left translations. Then there
exists a convolution semigroup (us)i>0 of signed measures with finite total
variation such that

mﬂ@=LﬂwMMw

We sketch the proof for completeness. The first step is to show that, for
any continuous function f with compact support, H;f admits a continuous
version. For any non-negative continuous function ¢ with compact support
and [ ¢dy; = 1, let Ty (z) = [ ¢(2)¢(zz)dvi(z) where 1 is an arbitrary
function in L°°(G). Note that Ty is continuous. Now, for any z,y in G, we
have

T (He f) (@) — To(He )W) = |To(He[fz — ful)(€)] < Cell fa = fylloo-

As we assume that f is continuous with compact support, it follows that
the family {T,H,;f} obtained by varying ¢ is equicontinuous and uniformly
bounded. Taking a sequence ¢, such that ¢, — J., the sequence T, H,f
converges weakly to H, f and we can extract a subsequence which converges
uniformly to a continuous function which represents H;f.
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Thus f — H,f(z) is a continuous functional on the space of continuous
functions vanishing at infinity. Hence, for each ¢,x, there exists a unique
signed measure u(t, z,dy) with finite total variation such that

Hif(z) = /G f@)u(t =, dy).
As H, commutes with left translations, we must have
| u(t,az,V) = u(t,z,a” V)

for any Borel set V and any a € G. Setting u:(V) = p(t, e, V), we get the
representation

f(@) = [ faniu)
as desired.

THEOREM 3.2.— Let (€, F) be Dirichlet space on L*(G,v,) (resp.
L?*(G,v;)) such that the associated semigroup (Hy)i>o extended to L*®(G)
commutes with left translations and satisfies Hi1 = 1. Then, there ezists a
weakly continuous semigroup of probability measures (us)i>0 such that

mﬂm=Lﬂwmmm

Moreover, (€,F) is a regular Dirichlet space on L%(G,v,) (resp. L*(G,v;))
and C is a core. Finally, (£,F) is strictly local if and only if (ut)t>o0 s
Gaussian.

Sketch of the Proof.— The representation of H; follows from the pre-
vious proposition. By an argument similar to [19, Lemma 1.4.2], one shows
that CNF is a core. In particular (£, F) is a regular Dirichlet space. To show
that C is a core, it suffices to show that C C F. This follows from Hunt’s
celebrated theorem [23]. To see that strict locality of (£, F) is equivalent to
the Gaussian character of (u¢)¢>0, one uses the Beurling-Deny formula [19,
Theorem 3.2.1] and the Lévy-Khintchin formula of Hunt [23]. See also [18].

3.2. Symmetric convolution semigroups

Let us now assume that (u:):>0 is Gaussian and fix a projective basis
(X;)s associated to (G, );. By Theorem 2.3 above, the infinitesimal gene-
rator —L of (Hy)tso is given on C by

Lf=- Z a;,j X X5 f + ZbiXif forall feC
HL,I€J ieJ
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for some (A4, b). As left-invariant vector fields are skew adjoint with respect
to the right Haar measure v, and L must be self-adjoint, one easily see that
b must vanish.

This leads to the following statement.

THEOREM 3.3.— Let G be as in Section 2.1 and let (X;); be a fized
projective basis of the Lie algebra G.

(i) For any strictly local Dirichlet space (€,F) on L?(G,v,) such that
(H¢)i>0 commutes with left translations, there exists a unique sym-
metric non-negative matriz A = (a;,;)i jes such that

viee, &N = [ 3 wsXefXfdv,

i,jeJ
Moreover, C is a core for (€, F).

(it) Conversely, for any symmetric non-negative matriz A = (a; ;)i jes,
the quadratic form

S0 = [ asXifXifdr, fec

i,j€J

is closable and its minimal closure defines a strictly local Dirichlet
space (€7, F%) on L%(G,v,) such that the corresponding semigroup
(Ht)t>0 commutes with left translations.

(itt) For a Dirichlet space as above with associated matriz A, the infinite-
simal generator —L" is given on C by

TAf = — Z ai,inXjf.

i,j€J

Using Lemma 2.5 we obtain another representation of these Dirichlet
spaces.

THEOREM 3.4.— Let (£,F) be a strictly local Dirichlet space on
L?(G,v,) whose semigroup (Hy)i>o commutes with left translations. Then
there ezists a system Y = (Y;) 7 C G which is projective and can be obtained
from the given basis (X;)es by an upper-triangular matric T = (75 ;)i jes
and such that:
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(i) The domain F of £ coincides with the Sobolev space

Wy (Y, vr) = {f € L*(G,v):Vie J, Yif € L*(G,n)

and/Z|Y,~f|2dVT<oo}
¢7

and

v F, &(f, = Y:i2dr;
fEF, &1 /G;' fP2dv

(i) The infinitesimal generator —L associated to (€,F) is given on C by

Lf==) Y?f.
J

(it) The Gaussian convolution semigroup (u:)i>o associated to (Hyi)i>o
by Theorem 3.2 is non-degenerate if and only if Y is a Hormander
system (see definition 2.6).

Remarks.— 1. The system Y = (Y;)7 is obtained from X = (X;); by
Y = 7X where 7 is given by Lemma 2.5, with the convention that any
zero vector that might appear is disregarded. This explains why we use a
different set J to index the Y;’s.

2. The system Y forms a basis of G if and only if the matrix A is positive.
In the abelian case (see [6]), this is also equivalent to the fact that each g ¢
has a smooth density. This is no longer true in the non-abelian case. Let us
emphasize and explain this important difference between the abelian and
non-abelian case. Let (£,F) be a Dirichlet space as in Theorem 3.4. By
Proposition 2.7 (ut):>0 is non-degenerated if and only if the infinitesimal
generator —L,, of (la,t)t>0 is a sum of squares of vector fields having the
Ho6rmander property. Actually, in the notation of Theorem 3.4,

Lof = =) _ldma(Y:)f.

J

Hence, (ut)t>0 is non-degenerate if and only if
Va €I, Lie{dn,(Y;),t € T} =Gs.

This is equivalent to say that Lie{Y} = G, that is, Y is a Hérmander system.
This proves the last assertion of Theorem 3.4.
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3.3. Left-invariant Dirichlet spaces on G

We now define left-invariant Dirichlet spaces on G. See [16]. First, ob-
serve that left translations act as isometries on L?(G, dv;).

DEFINITION 3.5.— A Dirichlet space (€,F) on L*(G,v;) is left-inva-
riant if for all x € G and for all w € F the function y — uz(y) = u(zy)
belongs to F and E(uz,uz) = E(u, u).

The notion of right-invariant Dirichlet space on L?(G,dv,) is defined
similarly and, if G is unimodular, a Dirichlet space is bi-invariant if it is both
left and right invariant. Note that the Markov semigroup (H;):~o associated
with a left-invariant Dirichlet space commutes with left translations. Hence,
Theorem 3.2 applies to left-invariant Dirichlet spaces.

If G is unimodular, Theorems 3.3 and 3.4 describe all left-invariant
strictly local Dirichlet spaces on G. If G is not unimodular, these theorems
do not treat directly left-invariant Dirichlet spaces. The aim of this section
is to describe all left-invariant Dirichlet spaces when G is not unimodular.
First we show that the modular function is a smooth cylindric function that
is, in some sense, depends only on finitely many coordinates.

LEMMA 3.6.— The modular function m is a smooth cylindric function
and, for any X € G, it satisfies

Xm = Axm

where Ax = Xm(e) is a constant.

Proof. — First, one easily check this result for any Lie group using the
fact that m is multiplicative. Second, by a well-known theorem of Maléev
and Iwasawa, any locally compact connected group G is locally the direct
product of a local Lie group F and a compact group K. That is, there
exists a neighborhood V' of e in G and a neighborhood U of eg in E such
that V = U x K. Let (K4)r be a descending sequence of compact normal
subgroups of G such that G/K, is a Lie group G,. By excluding finitely
many o’s, we can assume without loss of generality that the K,’s are in
fact of the form {eg} x K, with K, C K. It then follows that G, is locally
isomorphic to V,, = U x (K/K,). Let m, be the modular function on G,.
We claim that

mg = Mq O T3

for all B > o. This claim easily follows from the following four facts: 1)
the modular function can be computed locally in any neighborhood of the
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neutral element, 2) any (left-invariant, say) Haar measure on Gg projects
to a (left-invariant) Haar measure on G,. 3) the Haar measure in V,, is the
product of the Haar measure of E in U and the Haar measure of (K/K,),
4) compact groups are unimodular.

From the claim it follows that the modular function m is given by
M = Mg O Mg

for any o large enough. That is, m is a cylindric function. The rest of Lemma
3.6 follows from its finite dimensional version.

Let (€, F) be a left-invariant, strictly local Dirichlet space on L?(G, dv;).
Fix a projective basis (X;);. By Theorem 2.3, the infinitesimal generator
—L is given by

Lf==-Y a;XifX;f+)_ bXif, feC.
i,j€J ieJ
Let us compute the adjoint of L on cylindric functions. By Lemma 3.6, for
each i € J, the modular function m satisfies

where A; = [X;m](e) is a constant. Moreover, only finitely many \; are
non-zero. Hence, for any ¢, € C, we have
[aowan = [wopma,

/¢ —_ Zai,inijlr - Z(bl + 2 Z ai,j)\j)Xiw
) J

i

_(Z bidi + Z ai,j)\i/\j)w mdv,
i i,j

I

Jo ( S eas XX = 300 +2 3 as ) Xew
3,J i j
—(Z biA; + Z ai,j/\i/\j)y/’) dy,
i %,J

As L must be self-adjoint, we have

—(bi+2> @i ) =b;
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and

Z bid; + Zaiyj/\i)\j =0.
i i,j
In fact, the first equality implies

bi = ——Zai,j)\j (3.4)
J

which implies the second condition.

Given that (3.4) must be satisfied, we see that the Dirichlet form & is
given on cylindric functions by

e 1) = [ 1Lian= [ ¥ ausXisx; san.
3,

The infinitesimal generator —L is given by
Lf = — Z ai,inXjf — Z ai,j)\inf, f eC.
6,J %
These findings are recorded in the following theorem.

THEOREM 3.7.— Let G be as in Section 2.1. Let (X;); be a fized pro-
Jjective basis of G.

(i) For any strictly local left-invariant Dirichlet space (€, F) in L*(G, v;),
there exists a unique symmetric non-negative matric A = (a; ;); jes
such that

viel, &= [ 3 eXisX;fin

i,jEJ
Moreover, C is a core for (€, F).

(%) Conversely, for any symmetric non-negative matric A = (a; ;)i jeJ,
the quadratic form

i = [ X aXisXofdn, fec

i,5€J

is closable and its minimale closure defines a strictly local left-invariant
Dirichlet space (€4, FY) on L3(G, ;).
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(ii) Given a symmetric non-negative matric A = (a; ;)i jes, the infinites-
imal generator —Ly corresponding to the Dirichlet space (&Y, FY) is
given on C by

Ly=— Y aij(Xi+ M)X,1 |,

2%

with (A;)J is given by (3.3).

Remark.— When G is not unimodular, the Gaussian semigroup asso-
ciated to a left-invariant strictly local Dirichlet space is not symmetric. Let
us also point out that, if A is a positive matrix and G is a Lie group, then the
above Dirichlet space is, up to a multiplicative constant, the Dirichlet space
of a left-invariant Riemannian structure on G. Thus, from a Riemannian
geometry viewpoint, the Dirichlet spaces considered in Theorem 3.7 are
more natural than those of Theorem 3.3 when G is not unimodular.

We can now use Lemma 2.5 to obtain a different representation of left-
invariant Dirichlet spaces on L%(G, ;).

THEOREM 3.8.— Let (£, F) be a strictly local left-invariant Dirichlet
space on L?(G,v;). Then there erists a system Y = (Y;)y C G which is
projective and can be obtained from the given basis (X;)es by an upper-
triangular matric T = (75 )i jes and such that:

(i) The domain F of £ coincides with the Sobolev space

W3 (Y, ) = {f € L*(G,v):Vie J, Yif € L*(G,u)

and / Z|Y,-f12dul<oo}
G

and

VfeF, g(fvf)= !Ytiflzduﬁ
os

(i) The infinitesimal generator —L associated with (€, F) is given on C
by
Lf =) YYif.
J
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Here Y;* is the adjoint of Y; on L%(G, dv;) which is given by

Y= —(VitA), A=
m

(i) The Gaussian semigroup associated with the Markov semigroup
(e7t)4s0 by Theorem 3.2 is non-degenerate if and only if Y is a
Hérmander system.

Only part (iii) needs to be proved. It follows directly from Proposition 2.7
and the fact that

L=-) Y?+Y,
1
where Yy = — 3" \;Y; belongs to the linear span of Y.

3.4. The two Dirichlet spaces associated to a symmetric matrix

Let G be the projective limit of a sequence (G, ) of Lie groups, with as-
sociated projective basis (X;)s. Given a symmetric non-negative matrix A,
Theorems 3.3, 3.7 yield two Dirichlet spaces and two Gaussian convolution
semigroups. These objects are really distinct when G is not unimodular,
i.e., when m # 1. Lemma 3.9 below shows how these objects are related.

Let (€%, F7) (resp. (€4, FY)) be the Dirichlet space on L?(G,v,) (resp.
L?(G,v;)) given by Theorem 3.3 (resp. 3.7). Namely, for f € C, we have

S D) = 3 [ asXisXfa,
i VG
EAS ) = Z/Gai,infXjde.
,J
Let (u7'):>0 be the symmetric Gaussian semigroup associated to (€7, F})
and let
LZ = - Z ai’inXj
4,J
be (minus) its infinitesimal generator and let
HAf@) = 5 (0) = [ fendut)

be the associated self-adjoint semigroup of operators on L?(G, v,.).
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Let (pf!);>0 be the (non-symmetric) Gaussian semigroup associated to
(gzlébf 54), let
- Z a; ; (X + X)X
i,J
be (minus) its infinitesimal generator and let

QF () = e f(2) / f(zv)dp(v)

be the associated self-adjoint semigroup of operators on L?(G, ;).

LEMMA 3.9.— For all f € C, we have
Lyf = m~ V(L + )2 )

1
= Z Z ai,j)\i)\j
.7
with \; defined ot (3.3). In particular,
Qf = e~9tm= /2 Hyml/?

where

and
pi(dy) = e~ m* 2 (y)uf (dy).
Proof. — We simply compute
Ly(m'2f) = =3 ai; X X;(m*/?f)

= P\ D@ XiXif + YA Xl + 5 Zawuf

1, 4,5
= mY*(LY - a)f.
This prove the first identity. The other statements all follow from the first.

4. Intrinsic and relaxed distances

Let (X;); be a fixed projective basis of the Lie algebra of G. Fix a
symmetric non-negative matrix A = (a;,;)JxJ. Let also Y = (Y), ¥; =
> j 7:,;Xj, ¢ € J, be the system of left invariant vector fields given by
Lemma 2.5 so that

VEER™, (AL€)= Z(Zn,;&;)z

This notation will be used throughout this section.
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4.1. The intrinsic distance
For f,g € C, set
I(f,9) =Ta(f,9) = Y _ ai;XifX;g

,J

and note that I' can also be computed as

I(f,9) = Z Y; fYig.

Set
d(z,y) = da(z,y) =sup{f(z) - f(y): f€C, T(f,f)<1}. (41)

Note that, by definition, d is lower semi-continuous.

Consider now the two Dirichlet spaces (£%,F73), (€4, F}). They both
have C as a core and, for f € C,

&(f, f) = / Ta(f, fdve, EL(F,f) = / Ta(f, f)du.

Let us recall that the intrinsic distance attached to the Dirichlet space
(€%, F) is defined by

d;-l(x’ y) = Sup {f(x) - f(y) S f:l,loc’ continuous,

with Z Y:fI’<1, v, a.e.} .

See e.g., [11], [15], [27]. A similar definition holds for d4. As v, and v; are
equivalent measures and F} .., fg’,oc are equal as sets, it is clear that

= dlA. Now, in the present context, for any compact K C G, it is easy
to construct cylindric compactly supported functions that are equal to 1 on
K and have arbitrarily small gradient (i.e., small I'4). Moreover, for any

f € Fhoe $€C, [dv, =1,

fa() = [ o))
is a cylindric function such that

sup I'(f5, f5)(z) < sup I'(f, f)(z).
z€G z€G

Using this regularization procedure and cut-off, it is easy to prove the follo-
wing lemma.
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LEMMA 4.1.— For any symmetric non-negative matrix A, the distances
" and dy are both equal to the distance da defined at (4.1).

We will call d = d4 the intrinsic distance associated to A. Since d is
left-invariant, we set d(z) = d(e, ) so that d(z,y) = d(z~'y). Let also d,
be the intrinsic distance on G, associated to (£}, F7).

THEOREM 4.2. — Referring to the notation introduced above,

(i) Vz € G, d(z) = supd o ma(z). In particular, the topology of G is

finer or equal to the topology induced by d. They are equal if and only
if d is continuous.

(i) If Y is a Hormander system, i.e., Lie(Y) = G, then the set
D={zeG:d(x) < oo}
is a dense Borel subgroup of G and v(D) =0 or D = G.
(i3) If D = G then d is bounded on each compact subset of G.

Proof.— Assertion (i) is clear from the definition (see (2.1)). The proof
of (ii) is three steps.

Step 1.— As d is lower semicontinuous, D is a Borel set. The triangle
inequality and the fact that d(z) = d(z~!) show that D is a subgroup of G.

Step 2.— On a locally compact group, if U is a measurable subset with
positive Haar measure then U U contains a non-empty open neighborhood
of the neutral element. Hence, if v,.(D) > 0 then D~!D = D must contain a
non-empty open neighborhood of the neutral element. Since any non-empty
open neighborhood of the neutral element in a locally compact connected
group G generates G, we must then have D = G.

itep 8. — To show that D is dense, it suffices to show that, for each «,
o (D) = Go. In G, consider the linear subspace

H(Y)={Z=1_6:Yi;y_16;]* < oo}
J J

and set
H(Y)=exp(H(Y)) CG.
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We now show that H(Y) C D. Let ¢ € C and set ¥(t) = ¢(exp(tZ)) where
Z € H(Y'). Observe that

V@) = |ZU(exp(tZ))
|3 Bu¥it) (exp(e2))

1 N 2
1612 (2 |[ka1<exp<tz>>|2>
16T, ) (exp(t2))]2.

N

Observe that, since Y is obtained from X by an upper triangular matrix 7
and ¥ € C, it follows that the sums in the above computation are in fact
finite sums. Now write

lb(z) —¥(e)| = |\I/(1)—\I/(0)|<1(13§13)<I\I/’|

< 118k)ll2 maxT(9, )2,

This shows that d(z) < ||(6k)|l2 < co. Note that H(Y") is not a subgroup of
G. Let

Ha(Y) = dra(H(Y)).

Then, clearly, H,(Y") is simply the linear span of dn,(Y) in G, and thus
the non-degeneracy hypothesis implies that H,(Y) generates G, as a Lie
algebra. Moreover,

To(H(Y)) = ma(exp H(Y)) = exp,[dra(H(Y))] = expa(Ha(Y)).
It follows that the closed subgroup generated by 7, (H(Y)) is G,. As

7o(H(Y)) C mo(D), this proves that mq(D) = (D) = G, which is the
desired result.

The proof of (iii) is three steps.

Step 1.— As D = G it follows that {z € G, : do(z) < +00} = G,.
This in turn implies that Y is a Hormander system and d, is a conti-
nuous function, in fact, locally Holder continuous with respect to any fixed
Riemannian distance. See, e.g., [24], [28].

Step 2.— Consider the sets Vi, = {z : d(z) < k}. As each of the sets
{z : dq o mo(x) < k} is a compact cylindric set, Vi = No{z : do(z) < k} is
compact.
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Step 8.— As Vi T G, there exists a ko such that Vi, has positive Haar
measure. Then, V, szl contains an open neighborhood U of the identity
element e and for any z € U we have z = zy~! with z,y € Vi,. Thus
sup,cy{d(z)} < 2ko. As G is connected, U generates the whole group, that
is, G = UPU*. As U is open, for any compact set K C G, there exists
k1 < oo such that K C U’I“Uk. Thus d(z) < 2kok; for any x € K. This
finishes the proof of Theorem 4.2.

4.2. The relaxed distance

It was observed in [6] that another distance called “relaxed distance” is
a useful substitute to the intrinsic distance in certain situation. In order to
define the notion of relaxed distance we need to recall the notion of “good
algebra”.

DEFINITION 4.3.— Let M be a locally compact separable metric space
equipped with a positive Borel measure v having full support. Let (£, F) be a
regular strictly local Dirichlet space on L?(M, v) with infinitesimal generator
(=L, D). An algebra A of compactly supported continuous functions is a good
algebra for (€, F) if

1. ACD and A is stable by L, i.e., LA C A;
2. A is a core for (€, F).

Note that the existence of a good algebra is a strong assumption.. See
[6]. If (£,F) is a regular strictly local Dirichlet space with infinitesimal
generator —L that admits a good algebra A, we can set

o(z,y) =sup{f(z) - f(¥): f € AT(f, f) <L,ILf| <1}

The function § : M x M — [0,+00] is called the relaxed (quasi) distance
associated to (£, F, A).

In the setting of the present paper there is a natural obvious choice for
the good algebra A. Indeed, by Theorems 3.4, 3.8, it is clear that the set C of
all Bruhat test functions is a good algebra for the Dirichlet spaces (£}, F4)
and (€4, FY). This leads to the definition of two (left and right), possibly
distinct, relaxed distances &4, 67, associated with a given matrix A because
the infinitesimal generators —L!, and —L', are different. We will only use
the left version. Actually, it is easy to see that one always has ¢!y &~ &7;. This
follows from the fact that L!;, L7, share the same I' and are related by

LYf =Lhf+> aihX;f
i.J
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where
2
Zai,j/\inf < Z aijAid; | T(f, f)
3,J ,J
DEFINITION 4.4. — Given a symmetric, non-negative matriz A, we de-

fine the relazed distance associated to A by setting

(5(113, y) = 5A($,y) = 6f4($, y)
=sup{f(z) — f(y): f €C, Ta(f,f) <L |LYf| <1}

Clearly, 9 is lower semicontinuous and a result analogous to Theorem 4.2
holds true for the relaxed distance . Set 6(xz) = d(e,z) and let 6, denote
the relaxed distance on G, associated to the Dirichlet form (£, F!) with
good algebra C§°(Gy)-

THEOREM 4.5.— Referring to the definition above, we have

(i) Vx € G, §(z) = supdq 0 mo ().
a€l

(i) If Y is a Hormander system, i.e., Lie(Y) = G, then the set
A={reG:i)< oo}
is a dense Borel subgroup of G and v(A) =0 or A =G.

(#5) If A = G then § is bounded on each compact subset of G.

Note that d, < d, always holds. By the triangular inequality, it follows
that d,, is continuous whenever d,, is continuous. It follows also that D C A.
These remarks and steps 1-2 of the proof of Theorem 4.2(ii) yields a proof
of Theorem 4.5(ii). Step 3 need not be repeated here since D C A. The
proof of (iii) is similar to that of Theorem 4.2(iii).

The relaxed distance is difficult to compute explicitly. See [6] where it is
computed for left-invariant Dirichlet form on the circle T. In this case the
relaxed and intrinsic distances may have completely different behaviors. In
[6] we also noticed that the relaxed distance of a finite dimensional Euclidean
space is equal to the Euclidean (i.e. intrinsic) distance. In general, we have
the following result.
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THEOREM 4.6.— Let A be a symmetric non-negative matriz. Let d,d
be the corresponding intrinsic and relazed distances on G and assume that

d(z) is finite for all x € G. Then
0<d<C(149)

where C depends on G and A.
Proof.— Let ¢ be a non-negative function in C such that f ¢dv, =1
and ¢ > 1/2 on a neighborhood V of the neutral element. As d(z) is finite

for each z, Theorem 4.2 shows that d is bounded on compact sets. Hence
the formula

plz) = / d(y)é(yz)dv, (v)

defines a smooth cylindric function on G. Moreover, p is strictly positive.
Indeed, for any a, d > d, o 7o, and d, is the intrinsic distance associated
with a Hérmander system of left-invariant vector fields on the Lie group G,,.

We claim that
VzeqG, c(l+d(z))<plz)<Cl+dx)). (4.2)

To prove the upper bound, write d(y) < d(z™!) +d(yz) = d(z) + d(yz) and
pla) < [ (@) +d(um)oue)dv ) = d@)+ [ do(inn () < @) +Cy
where C, = [ d(2)¢(z)dv, (2).

To prove the lower bound, write
@) > [ (da) = dtu)olue)iv, () = dla)- [ d2)o(ivn(2) = @)~y

with the same C; as before. Now, fix o and let K = {z : d, oo () < 2C1}.
The set K is compact, and for x € K, we have

p(x) = = c(1+ d(z))

for some constant ¢ > 0. Indeed, we already noticed that p is continuous
and positive and d is bounded on compact sets. For z ¢ K, we have d(z) >
do 0T (z) 2 2C1. As p(x) > d(x) — C4, this gives
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Hence,
. 1 C
Yz € G, p(z)>min<ec, 737 (1 + d(=z)).
This proves the claim.
We now want to show that there exists a constant C such that

VzeG, T(pp)<C, |L'p|<C. (4.3)

Indeed, for any left-invariant vector field X, we have

Xp(z) = / d(y)[X 8 (y)dvs (1)-

As

[1xelue)in ) = x [ o) =0
we get

Xp(@) = [ () - )X ol(uz)dn ).
By the triangle inequality,

ld(y) — d(z)| < d(yz).
Thus
Xo(@) < [ 1) - d@)lIXel o)) < [ dIXo(dn ) < Co.

The desired inequality then follows from I'(p, p) = . |Yip|*> and the fact

that p is a cylindric function hence |Y;p| # 0 for finitely many ¢ only. Simi-
larly,

L' p(2)]

[ awizislamanw)

} J@w- d(w)){L%](yx)duxmj

N

[ iz slue)don ) = @It an ) < c.
This proves the claim.

Now, consider a smooth function f : [0,00) — [0, 1] such that f(z) =1
on [0,1], f(z) =0 for z > 2, and set fr(z) = Rf(p(x)/R), R > 1. Then,

Yifr = f'(p/R)Yip

-331 -



Alexander Bendikov, Laurent Saloff-Coste

and
Y2fr=R7'f"(p/R)|Yip|* + f'(p/R)Yp.
It follows that
F(fRa fR) g 032, ILlfR| < 03

for some constant C3. This shows that we can use fgr/Cs to obtain a lower
bound on §. Indeed, fix x € G with p(z) > 2p(e). Set R = p(x)/2. Then

8(z) > O (fa(e) - fnla)) = B2 (7(2p(e) o)) - )] = 52,

Hence there exist two constants Cy, cs > 0 such that
6(z) 2 cap()
for all z such that p(x) > Cj. Finally, this shows that
dz) < C(1+6(z))
as desired.

5. Gaussian semigroups having prescribed behaviors

5.1. An existence statement

On a connected Lie group, consider a Gaussian semigroup (u:):>o0
which is either symmetric (hence gives rise to a self-adjoint semigroup
on L?(G,v,)) or not symmetric but induces a self-adjoint semigroup on
L2%(G,dv;) (as in Section 3.3). Then either (i)~ is degenerate, that is, is
singular with respect to Haar measure on G or (u:);>o is non-degenerate
and it actually has a smooth positive density x — us(z) (w.r.t. ;) which
satisfies

c<tPu(e) < C

for all ¢ € (0,1) and some constants 0 < ¢ < C' < +o00. Here & is an integer
and one can show that x belongs to the interval [n,n(n + 1)/2] where n
is the topological dimension of the Lie group G. See [28]. When G is not
a Lie group, but a locally compact connected locally connected metrizable
group, it is not completely clear what behaviors one should expect from
ut(e), assuming that the density u.(-) does exist for all ¢ > 0. This section
is devoted to the proof of the following theorem which asserts that, on any
such group G, there is a host of different behaviors that do appear.

THEOREM 5.1.— Let G be a locally compact connected locally connected
metrizable group. Assume that G is not a Lie group.
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1) For any regularly varying function ¢ of index A, A € (0,00), there
exists a symmetric Gaussian convolution semigroup (u:)i>o on G
which has a continuous density u:(-) w.r.t. v, satisfies (CKe) and
such that

lim sup log p4(e)

2P

2) For any positive increasing function 1 such that lims, 1 = oo, there
exists a symmetric Gaussian convolution semigroup (ui)i>o on G
which has a continuous density u:(-) w.r.t. v; and satisfies

Vi e (0,1), logui(e) < Cylog(l+1/t)y(1/1).

When G is abelian, these results are due to the first author [2]. When G
is compact, see [7, Theorem 1.1]. Of course, we can see the above Theorem
as stating the existence of left-invariant Dirichlet spaces on L?(G, dv;) such
that the associated Gaussian semigroup of measures (p;)¢>0 admits a density
pt(-) satisfying the same conditions as p.(-) above. See Lemma 3.9.

Statement 2) is optimal. More precisely, we have the following lemma.

LEMMA 5.2.— Let G be as in Theorem 5.1. Assume that (u¢)e>o0 is
a symmetric Gaussian semigroup having a continuous density p:(-),t > 0
w.r.t v;. Then

. log ps(e)
1 —_— = 0.
20 log(1+1/t) +

Proof.— As G is locally connected and G is not a Lie group, the sequence
(Gq) such that G = lim proj G, must have the property that the topological
dimension n,, of G, tends to infinity. Moreover, we have

wi(€) = pa,z(e)
and for t € (0,1) (see [28])
Ha,t(€) = Cot™ /2,

Thus
log pe(e) > log ca + = log(1/1).

The lemma, follows.
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5.2. Proof of Theorem 5.1

As Theorem 5.1 is proved in [7, Theorem 1.1] for compact groups, it
suffices to show that the general case follows from the compact case.

Let G be a locally compact connected locally connected metrizable
group. By a result of Berestowskii and Plaut [9], there exist a simply con-
nected connected Lie group L, a compact group K and a discrete subgroup
H of L x K so that

G=(LxK)/H.

In other words, G is covered by the direct product L x K.

In what follows the neutral elements of different groups are all denoted
by e. Define

Hy {¢eL: (k)€ H for some k € K}
Hxy = {keK:(e,k)e H}.

I

Note that Hg is a discrete normal subgroup of K. Hence Hy is finite. Let
be its order. Note also that H| is a discrete normal subgroup of L. Moreover,
for any £ € Hy, and k, k' such that (¢,k), (¢,k') € H, we have k~'k’ € Hy.
Thus, setting
V¢e Hy, Ke={k:({k)e H},
we have
Vée Hy, #K;<k.

Let (uf)¢>0 be a symmetric Gaussian semigroup on L with infinitesimal
generator Y_; Y;? where (Y;) is a basis of the Lie algebra of L. By [28], this
semigroup has a density satisfying

Vte (0,1), loguf(e)~log(l+1/t)

where Vt € (0,1), f(t) =~ g(t) means there exist 0 < ¢ < C < +00 such
that, for all t € (0,1), ¢ < f(¢)/g9(t) < C.

Let (ﬁtL)t>0 be the projection of (uf);~o onto L/Hy. As Hy, is discrete,
L and L/Hj have the same Lie algebra and the infinitesimal generator of
(ﬂf)t>0 is again Y ; Y;2. It follows that (u t)5L>0 has a smooth positive density
given by

p@) =Y i)

(€EHL
and satisfying (see, e.g., [28])

vt e (0,1), log_p_tf‘(e) ~ log(1 + 1/%).
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Let (uf)¢>0 be a symmetric Gaussian semigroup on K having a conti-
nuous density uX (-) for all ¢t > 0 (see [7]). Consider the Gaussian product-
semigroup (% )t>0 on L x K defined by

e = g © pf -

By projection, we obtain a Gaussian symmetric semigroup (pt):~0 on
(L x K)/H with (excessive) density = — p;(z) satisfying

pe(e) = DY B(h)= > uf @) > pufk)

heH ¢eHy kEK,
< wpfe) Y ur()
¢€EH],
= rpi(e)pr(e)-
We also have
pe(e) = > () >Tye)
heH
= ui(eus(e).
It follows that
log p11(e) = log uf (e) + log(1 + 1/t). (5.4)

From (5.4) it easily follows that Theorem 5.1 reduces to the compact case
treated in [7].

6. Gaussian upper bounds

6.1. Gaussian upper bounds involving the intrinsic distance

For the purpose of this section, let us fix a group G as in Section 2 and
a projective basis (X;) of its Lie algebra. Fix also a non-negative symme-
tric matrix A and consider the Dirichlet space (€%, F!) in L?(G, dv;). The
associated semigroup (Q7'):>o is given by

QA1) = [ fay)dotw)

As A will be fixed throughout the section, we will drop all references to it
in our notation. We let d and ¢ be the corresponding intrinsic and relaxed
distances

Assume that (p¢):>0 has a density z — pi(z),t > 0,2z € G w.r.t. dy.
In the present setting, it is well known that one can choose the density
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z — py(x) as a lower semi-continuous function on G. This has the advan-
tage of uniquely defining p; point-wise. Introduce also the transition density
q(t, z,y) of the operator Q; on L%(G,v;), we have

q(ta z, y) = Pt(‘b—ly)-
Moreover, for all ¢,s > 0 and all x € G,

prral®) = /G pe(ey)ps (™ V)dn(y).

By construction, Q; is self-adjoint on L?(G, dv;). Hence q(t,z,y) = q(t,y,z)
and this implies that

pe(z) = pe(z 1)
From this, we deduce that the density p; is bounded if and only if

e = [ loa(u)Pny) < oo

Furthermore, the density p; is bounded for all ¢ > 0 if and only if the
Gaussian semigroup (p;):~¢ satisfies (CK).

This section describes what is known about Gaussian upper bounds,
that is, bounds of the sort

pi(z) < exp (M t) -

where dist(z, y) is some invariant distance on G and dist(z) is the distance
between z and the neutral element. Here, dist will be either the intrinsic
distance d or the relaxed distance . In most statements available in the
literature the function M is obtained in terms of the function

My(t) = log (pt(e)) - (6.5)

The first result is an application of Davies’ Gaussian bounds. See [15], Chap-
ter 3.

THEOREM 6.1.— Fiz 0 < A < 1 and let ¥ be a regularly varying func-
tion of index \. Assume that (p)i>o satisfies (CKv) (resp. (CKyx)). Then
for any € > 0 there exists a constant Ce > 0 such that the continuous density

pt(+) of pe satisfies
d(z)?
VzedG,te(0,1), pir)<exp (CeM(t) - m)

where M (t) = (1/t) (resp. limy—o M (t)/¥(1/t) =0).
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Note that the case A = 0 is not excluded in the statement above. How-
ever, if A = 0, the hypothesis of the theorem can not be satisfied if the
slowly varying function ¥ grows too slowly at infinity. Indeed, on any Lie
group, if (p;)¢>0 has a continuous density then its behavior for small ¢ is of
the form p;(e) ~ t~™/2 for some integer n larger or equal to the dimension of
G. See [28]. This shows that ¢ must at least satisfy ¢(u) > clog(u),u > 1,
for some c.

Thanks to Lemma 3.9, Theorem 6.1 has the following corollary which is
of interest in the case of non-unimodular groups.

THEOREM 6.2. — Let (ut)t>0 be a symmetric Gaussian semigroup. Let
d be the corresponding intrinsic distance. Assume that (us )0 satisfies (CKy))
(resp. (CKyx)) for some regularly varying function v of index 0 < A < 1.
Let pi(-), be the density of us w.r.t. dv;. Then for any € > 0 there exists a
constant C. > 0 such that

VzeG te(0,1), mlz)<m(z)”exp (CeM (t) - 4(1(?2)1:)
where M (t) = ¥(1/t) (resp. limy—,o M (t)/v¥(1/t) =0).

6.2. Gaussian upper bounds involving the relaxed distance

Let My be as in (6.5). Theorem 6.1 gives Gaussian upper bounds on the
density p; when My(t) < Ct~ for some )\ € (0,1). These bounds involve
the intrinsic distance d. As observed in [6], Gaussian bounds involving the
intrinsic distance d are simply not true when the hypothesis on the behavior
of My(t) is relaxed to condition (), i.e., tMp(t) — O as ¢ tends to 0. Instead,
one can then obtain Gaussian upper bounds involving the relaxed distance §.

In the present setting, the results of [6] yield the following important
theorems and corollaries.

THEOREM 6.3. — Assume that p, has a continuous density p;(-) for all
t>0.

(1) If (pt)t>0 satisfies (CKWtY), for some 0 < v < 1, then

pila) < exp | M) — 2E° 4 ﬁﬂﬁ_)}

12t 6 (6:6)

where, for each v > /(v — 1), we have

sup 7 log M(t) < +o0.
te(0,1)
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(2) If (pt)t>0 satisfies (CKy) (resp. (CKix) ) for some regularly varying
function ¥ of index 0 < A < +00o then (6.6) holds with

M(2) M)
ety 9 ST (p 2 ) 0) '

In particular, if (p:)i>o satisfies (CKx) then (6.6) holds with a func-
tion M such that lim;_,o tM(t) = 0.

THEOREM 6.4.— Let (u1)1>0 be a symmetric Gaussian semigroup. Let
& be the associated relazed distance. Assume that, for allt > 0, u; has a
continuous density pi(-) w.r.t. dyy.

(1) If (ut)e>o0 satisfies (CKWtY), for some 0 <y < 1, then

_F@) i)

12¢ 6 (6.7)

pe(e) < m(@) 2 exp {M(t)

where, for each v > v/(y — 1),

sup t" log M(t) < oo.
t€(0,1)

(2) If (ut)t>o satisfies (CKy) (resp. (CKyx)) for some regularly varying
function ¢ of index 0 < A < 400 then (6.7) holds with
M(t) ( . M(2) )
sup < o0 resp. lim ———= =0 .
te(0,1) ¥(1/1) =0 P(1/t)

In particular, if (ut)e>0 satisfies (CKx) then (6.7) holds with a func-
tion M such that lim;_o tM(¢) = 0.

Remark.— Concerning the second statement of each of the two last
theorems, observe that Theorems 6.1 6.2 give much better results when
0< A<

We now state two important corollaries of the Gaussian estimates (6.6),
(6.7). See [6, Corollary 3.9].

COROLLARY 6.5.— Let A be a symmetric non-negative matriz. Let
(pt)t>0 and (1)t>0 be the two Gaussian convolution semigroups associated
to A by Theorems 8.4, 3.8. Assume that (pt)t>o0 (equivalently (p)¢>0) sat-
isfies (CKx*). Then they both satisfy (CK#). In particular, (CKx) implies
(CK#) for all symmetric Gaussian semigroups.
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COROLLARY 6.6.— Let A be a symmetric non-negative matriz. Let
(pt)t>0 and (p)i>0 be the two Gaussian convolution semigroups associated
to A by Theorems 3.4, 3.8.

o Assume that (pi)i>o0 (equivalently (u)i~o) satisfies (CKa) for some
regqularly varying function ¢ of index A € (0,1). Then the intrinsic
distance d associated to A is continuous.

o Assume that (pi)i>0 (equivalently (u)i>0) satisfies (CKW¢tY) for some
~v € (0,1). Then the relazed distance & associated to A is continuous.

Proof.— We only prove the first statement since the two proofs are
similar (see also [6]). By Theorem 6.1, we have

d(z)? < C (ty(1/t) — tlog ps(z)) -

Thus

limsup d(z)? < C (ty(1/t) — tlog pe(e)) -
By hypothesis, ty(1/t) and tlog p:(e) tend to zero as t tends to zero. Thus
limsup,_,. d(z)? = 0. It follows that d is continuous.

6.3. Application to coverings

Consider a covering G of a group G = G/H where H is a discrete
normal subgroup of G. Let 7 be the canonical projection. Observe that the
Lie algebras of G and G can be identified through the bijection dr. Let
(Bs)t>0 and (p¢)t>o be two Gaussian semigroups on G and G respectively
such that p; is the image of 7, under the canonical projection . Our next
theorem relates the respective behaviors of these two Gaussian semigroups
under some additional hypotheses.

THEOREM 6.7.— Let G be a connected locally connected locally compact
metrizable group. Assume that H is a discrete normal subgroup of G and
let m: G — G =G/H be the canonical projection. Identify the Lie algebras
of G and G through the isomorphism dr and fiz a projective basis. Let A
be a symmetric non-negative matriz. Let (p,)t>0 and (Tz)t>o0 (resp. (pt)i>0)
and (ut)i>0) be the two Gaussian convolution semigroups on G (resp. on
G) associated to A by Theorems 3.4, 3.8. Then (pi)i>o (resp. (ui)e>o) is

the projection of By)eso (resp. (Fy)e>o) and:

(1) For any regularly varying function v of index A\, 0 < A < +o0,
the Gaussian semigroup (py):>0 (equivalently (Ti,):>0) has property
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(CKv) (resp (CKvx)) if and only if the same is true for (pt)i>o)
(equivalently (i11)¢>0)-

(2) If ¢ 1s a regularly varying function of indez 0 < A < 0o and if (y)t>0
has a continuous density satisfying

log,(€) ~ ¥(1/t) (equivalently, logFi,(€) ~ ¥(1/t))

then
log pi(e) = ¥(1/t) (equivalently, logui(e) = ¥(1/t)).

(8) If the Gaussian semigroup (P,)i>0) (equivalently (;)i>0) satisfies
(CKW1) for some 7 € (0,1), then (p)eso (equivalently (e)eso)
satisfies (CKWtY') for all v > vy(y —1).

Proof.— By Lemma 3.9, it suffices to work with (;):>0 and (p¢)¢>0. Let
us start by noting that the measure p, is absolutely continuous with respect
to a Haar measure on G if and only if p; is absolutely continuous with
respect to a Haar measure on G. Moreover, their lower continuous densities
w.r.t. the left Haar measures on G and G are related by

pi(z) =) p(Th) (6.8)

heH

where 7(Z) = z. Thus

pt(€) = sup pi(-) = supp;(-) = P, (e).
G G
Moreover we obtain the following lemma.

LEMMA 6.8.— Referring to the setting of Theorem 6.7, if (pt)t>0 (Tesp.

(ut)t>0) satisfies (CK) then so does (B,)i>o (resp. (By)t>o0). Moreover if
these Gaussian semigroups satisfy (CK) then

pe(e) = py(€) (resp-pi(e) > 1 (€))-

In particular, if (pt)i>o0 (Tesp. (ut)t>0) satisfies any one of the properties
(CKW2v), (CKv), (CKy) where ¥ is a fized positive non-decreasing func-
tion, then the same property holds for (p;)i>0 (resp. (Gy)t>0)-

The rest of the proofs of each the three assertions in Theorem 6.7 are
similar and use Theorems 6.1 and 6.3. We omit the proof of the two first
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assertions and give a detailed proof of the third. Assume that (p,):>0 satisfies
(CKW?¢t") for some v € (0,1). Then, applying Theorem 6.3, we have
8(z)* | 8(x)
- < _oz)®  olzx)
with supte(oyl){t'yl log M(t)} < oo for all ¥/ > ~/(y—1). Thus, for0 < ¢t < 1,
the density p; on G is bounded by

pi(e) < Cexp(M(t)) Z exp (—cd(h)?) (6.9)
h€H

for some constant C,c > 0. We are left with the task to show that

Z exp (—cd(h)?) < +oo. (6.10)
heH

Let U be a compact neighborhood of € to be chosen later with the
property that (a) U = U~! and (b) HNU? = {€}. Set V = U? and for any
g € G, set

|g| =inf{n:g e V"}.
As any neighborhood of the identity in G generates G, |g| is finite for all
g € G. We need the following volume growth Lemma.

LEMMA 6.9.— There exists A1, Ax > 1 such that
n(V") < A7

and
#{h e H: |h| <k} < 45,

Proof.— Although this is well known, we do not know a precise refe-
rence. We include a proof for completeness. Let X = {z1,...,zn} be a
maximal subset of V*~! such that z;UNz;U = @ if i # j. Then, as |J, z;U C
V™, we have

< l/l(Vn) )
v (U)
We claim that |J; z;V3 covers V"*!. Indeed, consider z = v;...vp41 €
Vrtl v, € V, and set y = v;...v,_1. Suppose that y & |J;z;V. Then
yUNz;U = ( for all ¢ (this use the assumption that U = U~!). Asy € V"1
this contradicts the maximality of the set {x1,...,zn}. Hence y € |J, z;V
and it follows that z € |J, z;V3 as desired. Thus we have

v 3
WV < Nuy(V3) < %ww“)-
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This clearly proves the first assertion of Lemma 6.9 with A; = v4(V3) /1 (U).
To prove the second assertion observe that, by our assumption (b) concern-
ing U, hU N R'U = 0 for all distinct h,h’ € H. Thus #{h € H : |h| < k} <
v (V*+1) /uy(U). This ends the proof of Lemma 6.9.

We now return to the proof of (6.10). Recall that G is the projective limit
of a sequence of Lie groups (G,). Let d, be the distance on G, induced by
(Pa,t)t>0- As (Py)t>0 is non-degenerate, the distances d,, are continuous and

have compact closed balls in G,. Thus we can choose o and 7 > 0 such that
the set o
V={3eG:dyoTa(q) <1}

intersects H only at the neutral element and set
U={g€G:dyoTa(g) <r/2}.
This U is compact and satisfies the conditions (a) and (b) considered above.

As H is a discrete subgroup, it is easy to check that infz\ () o(h) >0

and, by the choice of a and r, infz\ (¢} 0o 0 Tq(h) > r. Thus Theorem 4.6
yields _ _
0o 0T (h) = do 0 T (h).

For any h € H, we also have
rlh| < 7+ dy o Ta(h).

Indeed, set t = dy 0 To(h) and let v : [0,t] — G, be a d, minimizing
curve from e, to T (h), parametrized by arc-length. Set |¢/r| =k — 1 and
hai = v(@r), it = 0,1,...,k — 1, and hox = Ta(h). Set hg = €, hy = h
and, for i =1,...,k — 1, pick h; to be any element in f;l(ha,i). Then, by
construction,

do o To(hihi) <.

Hence, || < k < 1+t/r = 14 dg 0 Ta(h)/r as desired. We conclude that
there exists a constant C such that

Vhe H, rlh|<r +dy 0Te(h) < Cé, oTa(h) < Cg(h).
It follows from this and Lemma 6.9 that

Z exp(—cd(h)?) < ZA’;'H exp(—ek?) < oo
heH k

with € > 0. This proves (6.10). Together, (6.9) and (6.10) show that (p;)¢>0
has property (CKWt"') for all 4/ > +/(y — 1), proving the third assertion
of Theorem 6.7.

- 342 -



Invariant local Dirichlet forms on locally compact groups

Remark. — Theorem 6.7 is not entirely satisfactory. Indeed, it is natural
to ask whether or not as long as (p:):>¢ satisfies (CK), we have

Vi€ (0,1), pi(e) = py(e)

without further hypothesis on (p;);>0- In particular, a Fourier transform
argument gives such a result in the abelian case, see [6, Proposition 6.1].
However, a general result seems out of reach if one uses Gaussian bound
techniques to prove (6.10) as above.

7. Examples

7.1. The Iwasawa example G,

Consider the infinite dimensional torus T = (R/Z)* and the topolo-
gical space G = R x R x T°. Elements of this space are denoted by (z,y, 6)
where z,y are reals and 0 = (01,6-,...) € T®. Let us also denote by p the
canonical projection from R to T and by p.. the projection from R to T°.

For g = (z,y,0), ¢’ = (¢/,y',0’) € G, define the product
=(@+2,y+9,0+0 +po((zy — 2'y)p/2))

where p = (p1, p2,...) is a vector in R*. This product is compatible with
the topology of G and turns G into a locally compact connected locally
connected metric group. Note that the group G = G, actually depends on
the choice of p. This example appears in Iwasawa’s work [17] and in [9]. Let
G denote the Lie algebra of G. As a vector space, G can be identified with
RxRx R°° where the first line corresponds to ; at the identity, the second
line to a and the i-th line in R* corresponds to == ao Here, we are viewing
G as the tangent space at the origin. Let us now describe the left-invariant
vector fields on G corresponding to these vectors. With obvious notation,
for g = (z,y,0) we have

X(g) = ___szae

Y(g) = %'*'Egpz’a—oi
0

©i(g) = 20,

In particular, this allows us to compute the Lie bracket which is 0 except
for 5
(X, Y]= zz: pia_e,-'
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From this it follows that the topological commutator group [G,G] is the
closure in T of {g = pso(tp) : t € R}. Iwasawa [17, pg. 550-551] takes
the coordinates p; of p to be linearly independent over the rationals. This
implies that [G,G] = T, a fact that lets Iwasawa conclude that, in this
case, G cannot split globally as a direct product of a Lie group and a compact
group. Another interesting choice is p = (1,1/q,1/4%,...) where ¢ > 2 is
an integer. In this case, [G,G] is a g-adic solenoid in T* and, repeating
Iwasawa’s argument [17], one sees that G does not split.

In [9], Berestowskii and Plaut use Iwasawa example to illustrate their
result concerning the global splitting of a cover of a general locally compact
connected locally connected group. Indeed, set G = L x K where L = H is
the Heisenberg group, that is R® equipped with the product

(,9,2)(@",y, ") = @+ 2,y + ¢, 2 + 2" + (zy — y2')/2)
and K = T°°. Consider the map 7 : G — G given by
7!'(:)3, Y, 2, 0) = (.’L‘, Y, (P(ZPI)aP(ZPz) (71)
—|—01,p(2p3) + 02a oo ap(zpi) + ei—la . ))

Assuming that p; # 0, one can check (see [9]) that 7 is a surjective group
homorphism. The kernel H of this projection is

H ={(0,0,k/p1, —(p(kp2/p1),p(kps/p1),...) : k € Z} (7.2)
which is clearly a discrete subgroup of G, that is (G, 7) is a covering of G.

We now introduce more precise notation concerning the Lie algebras G
and G of G and G, respectively. We first look at these two Lie algebras
independently and then write down the identification provided by the map
dn, assuming that p; # 0. As explained above, G = R x R x R*°. Denote
by (E;)$° the canonical basis of R x R x R* and, using a common abuse of
notation, let also F; denote the left-invariant vector field on G corresponding
to E; € G. Then we have

Ei=X, E;=Y, E3=0;, E4,=0,, ---

and -
Z=[X,Y]= ZPiEH-Z‘
1

For G, we have G = R x R x R x R® (as vector spaces) with basis
(Fy, F», F3, Fy, Fs, .. .) where (Fy, F», F3) is the natural basis of the Heisen-
berg Lie algebra. In particular [Fi, F3] = F3. The covering map 7 induces
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an isomorphism dr between the Lie algebras G and G. To write down this
isomorphism concretely, we need to observe that (E1, Eq, Z, Ey, E5,...) is
another basis of G. In this basis, the isomorphism dr is simply given by

dﬂ'(Fl) = El, dﬂ'(Fz) = Eg, dﬂ'(Fg) = Z, dﬂ'(F4) = E4, e

We will use these facts and notation below.

7.2. Gaussian semigroups on G =G,

Let (u4¢):>0 be a symmetric Gaussian semigroup on G. By Theorem 2.4,
there exists a unique symmetric Gaussian semigroup (%, ):>0 on G such that

pe(V) = Ty (n~H(V),

for all t > 0 and all measurable sets V. As G = L x K = H x T, we
can project (ZZ;)t>o0 to obtain a symmetric Gaussian semigroup on K = T
which we denote by (ZX )¢>o. This allows us to state the following conjecture.

Conjecture.— The short-time properties of (u¢):>0, (Ti;)¢>0, (ZF )i>0 are
the same. More precisely, any of these symmetric Gaussian semigroups sa-
tisfy property (CK) if and only if the two others do and we have

Vte (0,1), logpu(e) ~ logh,(e) ~ log fif (e).

Note that the effect of taking the log in the last sequence of comparisons
is to make the contribution of the Lie group factor irrelevant. We would like
to stress that, at this stage, we are very far to have a proof of this conjecture.
In [6, Cor. 6.3], the authors use a simple Fourier transform argument to treat
a similar problem in the purely abelian case where G = R" x T®, G = T" x
T°. Even in this simpler situation, only the comparison log y;(e) ~ log 7z, (e)
is known to hold whereas the part log 7i,(e) ~ log iX (€) is an open problem.

In connection with this conjecture, it is interesting to describe more
concretely the lifting from (u:)i>o to (&;)t>0 when (u;)i>o is associated
with the symmetric non-negative matrix A = (a; ;) ; in the basis E = (E;)
of G. This means that the infinitesimal generator of (u;)¢>o is

—-L= Zai,jEiEj.
To lift this operator to G, we need to change basis and use the basis
E=(E,) = (E1,E3, Z,E4, Es, ..).
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Let A= (@s,5) be the matrix such that

-L= Zl'i,jEi ~j.
Then, setting p—1 = po = 0, we have

ai,j — a3 Pi—2 __ a; 3Pz'——2 + a3,3 Pi—2P;—2 ifl 74 3’ ] # 3

J P1 1 ’ P1p P
i—2 op o .
= a3,j5- — 033> ifi=3,j#3 (73)
6, = U S Pi—2 p s . .
@;3,- —a3,3 ;- lfz.yé?f, j=3
a3 3=z ifi=j35=3.
P

Now, the Gaussian semigroup (fi;):>o is exactly the Gaussian semigroup
associated to the matrix A in the basis F = (F;) of G, i.e., the Gaussian
semigroup with generator

> @ FiF;.

Indeed, for any smooth cylindric function f on G, we have
(Y@sRE) for = (Y adn(F)dn(F)f)on
= (Z ’di,jEiEjf> o = (Z ai,jE—,'Ejf) oT.

Our next result shows that the conjecture formulated above holds true
at least for a subclass of symmetric Gaussian semigroups, namely, those
which lift to a product Gaussian semigroup on G = L x K = H x T°.

THEOREM 7.1.— Referring to the notation introduced above, assume
that the symmetric Gaussian semigroup (Q;)t>o0 has the form

Fiy =T ®F;

where (TF )0 is a symmetric Gaussian semigroup on L = H and (GX)i>o
is a symmetric Gaussian semigroup on K = T. Then (u:)i>o0 Satisfies
(CK) if and only if (f,)t>0 does and

Yt e (0,1), logu(e)~ logf,(e) = log Tk (e).
Proof. — Recall the well known general fact (see, e.g., [8, Lem. 3.3]) that
(ue¢)¢>0 is absolutely continuous with respect to Haar measure if and only if
(¢ )¢>0 is. Hence, things boil down to the comparisons between u.(e), 7, (e)

and 71X (e). In particular, in all cases of interest for this theorem, (ZX)¢s0
has a smooth positive density bounded above by

7ir (2,9, 2)) < CR¢ (€) exp(—c(|z|* + lyI* + |21))
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for all t € (0,1) and all (z,y,2) € L = H, for some constants C,c > 0. See,
e.g., [28] (the absence of square in |z| in this formula is not a typo).

As noticed earlier, we always have

pe(e) >, (e) = i (e)r (e).

pele) = 3 Fulh)

heH

where H is the kernel of w given at (7.2). Hence, for ¢t € (0,1),

wle) = D A ((0,0,k/p1))Af (=poo((kp2/p1, kps/prs - )
keZ

_ ||
< CrbEmSE Y e (—cb)
kEZ P
< Cimg (e)mg (e)-
Thus, we have
pe(e) = Ty(e) = Ty ()T (e).
Given that the behavior of 7iF(e) is under control, this suffices to prove
Theorem 7.1.

Next we apply this result to give very explicit examples of behaviors of
symmetric Gaussian semigroups on G = G,. The proof is a direct applica-
tion of (7.3), Theorem 7.1 and the results of [1], [2].

THEOREM 7.2.— Fiz a sequence a = (a;)3° of non-negative numbers.
Assume that a3 = 0 but a; > 0 for i # 3. Set A = (a;;) with a;; = a; and
a;; =0 ifi# j. Set also

N(s)=#{i:a; < s}.

Let (ut)t>o0 be the symmetric Gaussian semigroup on G whose infinitesimal
generator is —L = 3, a;EZ?. Then we have:

(i) The following properties are equivalent

1. The Gaussian semigroup (u¢)i>o S absolutely continuous with
respect to Haar measure.
2. The Gaussian semigroup (ut)i>o satisfies (CK).

3. lim s !log N(s) = 0.
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(i) The Gaussian semigroup (ut)i>o satisfies (CKx*) if and only if

lim s7'N(s) = 0.

(tii) If N = 1 at infinity and ¢ is a regularly varying function of index

A >0 then
Vt e (0,1), logpus(e) = p(1/t).

(w) If N =% at infinity and ¢ is slowly varying then

(1]
2]
(3]

(5]
(6]

7]
(8]

(10]
11]
(12]
(13]

(14]

1/t

Vi€ (0,1), logu(e) mv*/t)= [ w(s)%.
1/2 S
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