ANNALES DE LA FACULTE DES SCIENCES DE TOULOUSE

ISABEAU BIRINDELLI

FRANCOISE DEMENGEL

Comparison principle and Liouville type results
for singular fully nonlinear operators

Annales de la faculté des sciences de Toulouse 6° série, tome 13,
n°2 (2004), p. 261-287

<http://www.numdam.org/item?id=AFST_2004_6_13_2_261_0>

© Université Paul Sabatier, 2004, tous droits réservés.

L’acces aux archives de la revue « Annales de la faculté des sciences de
Toulouse » (http://picard.ups-tlse.fr/~annales/) implique 1’accord avec les
conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitu-
tive d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AFST_2004_6_13_2_261_0
http://picard.ups-tlse.fr/~annales/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Annales de la Faculté des Sciences de Toulouse Vol. XIII, n° 2, 2004
pp. 261-287

Comparison principle and Liouville type results
for singular fully nonlinear operators *)

IsABEAU BIRINDELLI (), FRANGOISE DEMENGEL (?)

ABSTRACT. — In this paper we consider a large class of degenerate or
singular operators F defined on IRV x (IRV)* x S, where S denotes the
space of symmetric matrices on RN, F is continuous. We give a new
definition of viscosity sub and super solutions for F(z, Vu,V3u) = 0.
We prove a comparison theorem between sub and supersolutions for
F(z, Vu(z), VVu(z)) — b(u(z)) = 0 where b is an increasing function,
and a Liouville type results.

RESUME. — Dans cet article nous considérons une classe d’opérateurs
F definis sur RY x (RM)* x S, ol S désigne l'espace des matrices
symmétriques sur IRY, F continue. Nous donnons une définition convena-
ble des sur et sous-solutions de viscosité pour F(z, Vu(z), VVu(z)) = 0.
Nous montrons un théoréme de comparaison pour les sur et sous-solutions
de F(z, Vu(z), VVu(x)) — b(u(z)) ol b est une fonction croissante, ainsi
qu’un théoréme de Liouville.

1. Introduction

This paper is two folded: On one hand, we prove a comparison result
for singular fully nonlinear operators modeled on the p-Laplacian. In the
second part we use this and a strong maximum principle to obtain Liouville
type results.

The solutions considered are taken in the viscosity sense even though
the standard definitions need to be adapted to our singular operators. As

(*) Regu le 3 juin 2003, accepté le 10 mars 2004

(1) Universita di Roma “La Sapienza”, Piazzale Aldo moro, 5, 00185 Roma, Italy.
E-mail: isabeau@mat.uniromal.it

(2) Université de Cergy Pontoise, Site de Saint-Martin, 2 Avenue Adolphe Chauvin,
95302 Cergy-Pontoise, France.
E-mail: francoise.demengel@math.u-cergy.fr

- 261 -



Isabeau Birindelli, Frangoise Demengel

in the work of Evans and Spruck [10] and the work of Juutinen, Lindquist,
Manfredi [15], we take into account that we cannot take test functions whose
gradient is zero in the test point since the operator may not be defined when
this occurs.

We shall consider an operator F defined on RY x (RN)* x S, where
S denotes the space of symmetric matrices on RN, F is continuous. F is
supposed to satisfy some of the following conditions:

1. F(z,p,0) =0, z,p € RN x (RV)*.

2. There exists a continuous function w, w(0) = 0, such that if (X,Y) €
52 and ( satisfy

10 X o0 I -1
<(o7)=(5v)=e(5 )
and I is the identity matrix in R", then for all (z,y) € RV,
F('Zv C(ZL‘ - y)’X) - F(y7 C(l‘ - y)a _Y) < w(§|x - y|2)

3. do,8€R2, a > B> -1, (\,A) € (R")2, such that V(z,p, M, N) €
RN x (IRN)* ><S2, N>0

o4 B
(Ipl + Ip|

lp|°MrN < F(z,p, M + N) — F(z,p, M) < >

)JAtrN

Let us note that among the functions satisfying all the conditions above

there is the function
F(p, M) = |p|*MT M

where M;AM =A) . .so€itAd . o€ ander,...,en are the eigenvalues
of M (see Caffarelli - Cabré [6] ). Other examples, including the p-Laplacian,
are given at the beginning of section 2.

Of course condition 3 implies the monotonicity of F i.e. in particular
that V(z,p, M,N) € RY x (RV)* x S, N >0

0< F(z,p,M + N) — F(z,p, M).
Furthermore if F' does not depend explicitly on z, condition 2 is not
necessary.

In his famous work [13] Jensen proved comparison results for viscosity

solutions of
F(u,Vu,VVu) =0
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for a class of F' everywhere defined. This was a crucial step in the devel-
opment of viscosity theory for second order elliptic operators (see e.g. Ishii,
Jensen-Lions-Souganidis, Crandall Lions, etc, [12], [14], [8]).

In the sequel we shall define the concept of viscosity solutions for in-
equations of the form

F(z,Vu,VVu) — g(z,u) > 0(< 0)

where g is supposed to be continuous on IR™ x IR. Moreover in Theorem 1.1,
we shall establish some comparison principle when g(z, u) = b(u) where b is
a continuous function on IR which is non-decreasing and such that 6(0) = 0.

In the first part, our main result is the following

THEOREM 1.1. — Let Q be a bounded open set in RN . Suppose that F
satisfies conditions 1, 2, and the right hand side of 8 . Suppose that b is
some continuous and increasing function on IR, such that b(0) = 0. Suppose
that u € C(Q) is a viscosity sub-solution of F = b and v € C(RQ) is a viscosity
supersolution of F = b:

Ifu < v on 9, then u < v in Q.

If b is nondecreasing, the same result holds when v is a strict supersolu-
tion or vice versa when u is a strict subsolution.

Let us remark that the super and sub-solutions are taken in the sense
given in Definition 2.7 below.

This result implies, of course, uniqueness of viscosity solutions for Dirich-
let problems in bounded domains. Furthermore it allows us to prove a strong
maximum principle when b is zero (Proposition 2.15). The case where b is
non zero but satisfies some increasing behavior at infinity is treated in [4].

The proof of Theorem 1.1 follows the strategy of the proof of compari-
son theorems for second order elliptic operators without singularities which
doubles the variables and uses a technical Lemma due to Jensen (see Lemma
2.13 below). Here two difficulties arise, the first is due to the fact that we
can’t use functions with gradient equal to zero at the test points, hence
we need to prove explicitly that this is not the case. Secondly condition 3
requires the tests functions to be constructed with functions modeled on
Y(z) = b+ alz|? with ¢ > %j'—_% as in [15], therefore Jensen’s lemma cannot
be used as is, we need to prove some other ad hoc technical Lemma (see
Lemma 2.10 below).
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Let us also remark that our proof doesn’t differentiate the case a > 0
(where the operator is degenerate elliptic) and o < 0 where the operator is
singular.

In the second part we consider the inequation

—F(x,Vu,D?*u) > h(z)u? in RN
u>=0

where F' is a continuous function satisfying conditions 1,3 . Condition 3
will be assumed with o = 3; furthermore A is a smooth function such that
h(zx) = C|z|" for |z| large and for some ~ that will be specified later.

Let us observe that for « = 0 and A = A = 1 the above equation becomes

(1.1)

—Au > h(z)u? in RY
u = 0.

In this case Gidas in [11] and Berestycki, Capuzzo-Dolcetta, Nirenberg [1]

proved, for classical solutions, that when 1 < ¢ < -ﬁ]j_—:—'_% there are no non-

trivial solutions. This result is optimal, in the sense that for any g > 7\,1_\{_—:1—2

it is possible to construct a non trivial positive C? solution of equation (1.1)
(see [5]).

The main result in the second part is the following

THEOREM 1.2. — Suppose that F satisfies condition 1,3. Suppose that
u € C(IRYN) is a nonnegative viscosity solution of

—F(z,Vu, D*u) > h(z)u? in RN (1.2)
with h satisfying
h(z) = alz|” for |z| large,a > 0 and v > —(a + 2). (1.3)
Let p = %(N — 1) — 1. Suppose that

1+y+ (@+1)(p+1)
<
v’

0<g

then u = 0.

When o = 0, for standard viscosity solutions, this result is due to Cutri
and Leoni [9].
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When F is in a class of divergence form operators (including the p-
Laplacian) this result was obtained by Mitidieri and Pohozaev [16] using
integral estimates that cannot be applied in our case.

1+y+(a+1)(p+1) N+~

N+y-2

The value

is equal to when A = A

I
and a = B = 0 i.e. the case of the Laplacian.

2. Comparison principles

Before stating the comparison principle, let us make a few remarks and
give some examples about operators satisfying conditions 1,2 and 3.

Remark 2.1. — It is quite standard to see that condition 3 implies that
Y(z,p, M,N) e RN x (RN)* x §2,

o AN-
[Pl XerN* = (ipl* + p°)5trN™ < F(z,p,M + N) = F(z,p, M)
A -
< (™ + 1pl) e N = [p|°AtrN

where N = N* — N~ is a minimal decomposition of N into the difference
of two nonnegative matrices. This of course implies that for a = 3:

IpI* M5 A (N) < F(z,p,N) < |pI* M3 4 (N)
where M} , (N) and M}*\' A(IV) are the so called Pucci operators defined by
Mia) =2 ) + A e), MEA) =AD" e) +AD e)
e; >0 e; <0 e; <0 e; >0
where the €;(1<;<ny} are the eigenvalues of N.

Ezample 2.2. — Evans and Spruck in [10] have considered the evolution
of level sets by mean curvature i.e. they have studied:

Uz, Ug,

" TDup e

U = ( ij
in RY x [0, +00).

Let us remark that the associated stationary operator:
(Np,p)
IpI?

satisfies the assumptions 1,3. (See also the work of Chen, Giga and Goto

[7D)-

F(p,N)=1trN —

- 265 —



Isabeau Birindelli, Frangoise Demengel

Ezample 2.3. — In the case of the ¢g-Laplacian , 3 is satisfied with 8 =

a = ¢ — 2. Indeed the g-Laplacian is defined by
F(p,N) = |p|*"*trN + (¢ = 2)|pl*~* (Vp, p)-

Ezample 2.4. — Let us consider
_ VPP +2[p[° + 3[p[* +1
= T

lp|3

with b > 0. Then 3 is satisfied with a = % and 8 = —-34.

F(p,N) trN + b(Np, p)

We now present an example where F' depends explicitly on z.

Ezxample 2.5. — Suppose that ¢;, g2 are real numbers such that
1<qg1 €2,1<q2 <2, ¢(q1,q2) is such that

>0 ifq#¢
C(q17Q2){ >q -2 ifqg=q

and suppose that B; and B are two Lipschitz functions which send € into
S. Then the function

F(z,p,N) = |p|® ~*tr(Bj (¢) B1(2)N) + (a1, 42)Ip|®=~* (N (B2(2)p, B2(z)p))

satisfies conditions 1,2, 3.

Indeed conditions 1 and 3 are immediate, we shall prove condition 2. In
a first time we check that when B is a matrix with Lipschitz coefficients
and 1 < ¢; < 2, the operator

|p|~%tr(B*(2)B(x)N)
satisfies 2. For that aim let X, Y, such that

X 0 I -1
(5 v)=e(5 )
Then for &, n € RN we use the inequality

(X&) + (Yn,m) <Cl€—nf?

with £ = B(x)e; and n = B(y)e; and e; is some vector of the canonical
basis.

(XB(z)ei, B(z)ei) + (YB(y)es, B(y)es:)
< ¢l(B(z) - B))esl
< ¢

|
|z — y|*(Lip B)?|e;|*.
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Summing over ¢ = 1,2,..N one gets

F(-’L‘,C(Jt-—y)ax)—F(y,C(:L‘—-y),—Y) < C(C|x_y|)(h_2(§|$—y|2)
= (C|x_y|2)q1—1|$_y|2—q1)
< (diam Q)29 (Clz — y|?)2 !

which goes to zero with (|z — y|?, since 1 < ¢1 < 2.

We now treat the second term

(X B(z)p, B(z)p) + (YB(y)p, By)p) < (|B(z)p— B(y)pl?
< (LipB)? |z — yI*Ip*.

Using this with p = {(z — y) one obtains

Ip|2~* (X B(z)p, B(z)p) + (Y B(y)p, By)p)) < (lr —yl*((lz — y|)© 2
= (o —yH)e "tz -y

this goes to zero when ((|z — y|?) does, since g2 €]1,2].

Before introducing viscosity solutions in this setting, we want to prove
a weak maximum principle for classical C? solutions:

PROPOSITION 2.6. — Let  be a bounded open set in RY . Suppose that
b is some non decreasing continuous function on R, such that b(0) = 0.
Suppose that u is C*(Q) and satisfies

F(z,Vu,D?u) — b(u) <0 in Q

where F satisfies 1 and the left hand side of 8, u > 0 on Q. Then u = 0
inside €.

Proof. — Suppose by contradiction that u has a strictly negative min-

—u(Zo)
Tam(Q)? Then the

function u(z) = u(z) — §lo — zo|® also has a strictly negative minimum
which is achieved inside 2. Indeed if one supposes that it is achieved on the
boundary, say at z. € 9, then

imum. Let o € Q, such that u(zo) < 0, and € <

> u(xg) = ue(zo)

2

€
u€<$€) = U(:l}e) - §|$e - 1’0|2 P>

a contradiction.
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At the point . one has
D*u(z.) > el

and then, even if Du(z,) = 0, one can find a point z, around z. such that
Du(zl) # 0, and D?u(z}) > §. Using this and the fact that b(u(z.)) <0,
the inequality in 3 becomes
0 > F(at, Du(a,), D*u(xy)) — blu(z))
> ADu(z))|’eN
> 0,

which is a contradiction. O

In the definition below, g denotes some continuous function defined on
RN x R.

DEFINITION 2.7. — Let Q be an open set in RY, then v € C(Q) is called
a viscosity super-solution of F = g(z,.) if for all z¢ € Q,

— either there exists an open ball B(xg,d), § > 0 in Q on which v = cte = ¢
and g(z,c) 20

- orVy € C2(), such that v—y has a local minimum on x¢ and Dy(xo) # 0,
one has
F (20, Dg(0), D*p(20)) < g(z0, v(x0)). (2.1)

Of course u is a viscosity sub-solution if for all x4 € Q,

— either there exists a ball B(zo,d), 6 > 0 on which u = cte = c and
9(z,c) <0,

- or Yo € C?*(Q), such that u — ¢ has a local mazimum on zo and
Dp(zo) # 0, one has

F(z0, Dip(z0), D*p(x0)) > g(0, u(x0))- (2:2)

We shall say that v is a strict super-solution (respectively u is a strict sub-
solution) if there exists € > 0 such that for all xg € U, either there erists
an open ball B(xg, ), § > 0 in Q on which v = cte = ¢ and g(x,c) > €, or
Vo € C3(QY), such that v — ¢ has a local minimum on x¢ and Dy(zg) # 0,
one has

F (29, Dp(20), D*p(20)) < g(x0, (o)) — €.
(respectively either u = cte on a ball B(zo,8) and g(z,cte) < —e, or in
(2.2), one has F(xo, Do(x0), D?*¢(10)) = g(xo, u(z0)) + €.)
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Remark 2.8. — When g = 0 the conditions on locally constant solutions
are automatically satisfied for sub or super solutions.

THEOREM 2.9. — Let Q be a bounded open set in RY. Suppose that F
satisfies condition 1, 2, and the left hand side of 3, that b is some increasing
continuous function on IR, such that b(0) = 0. Assume that u € C(Q) is a
viscosity sub-solution of F = b(.) and v € C(Q) is a viscosity super-solution
of F =b(.), and that u < v on 99, then u < v in Q.

If b is nondecreasing the same result holds when v is a strict supersolution
or vice versa when u s a strict subsolution.

For convenience we start by recalling the definition of semi-jets given in
[8] (see also [12], page 140)

J2ruE) = {(p,X)eRY xS, u(z) <u(@)+ (p,z—7)+
b (X2, 8) +olle—2P)
and
JP"u(@) = {(pX)eRY xS, u(z)>u@) + (p,z—I)+

+ 5(X@=2),2-2) +olle - ).

Clearly when (p, X) € J*%u(z) and p # 0 the function ¢(z) = u(z) +
(p,z — Z) + 3(X(z — %),z — Z)) will be a test function for u at Z if u is a
subsolution.

Before starting the proof we state the analogous of the famous standard
result (see e.g. Lemma 1 in Ishii [12]) used in comparison theorems for
second order equations:

LEMMA 2.10. — Let Q be a bounded open set in RYN. Let u € C(Q),
v eC(), (z;,y;) € 02, z; #y;, and g > 3.

We assume that the function
¥3(z,y) = u(e) = vly) = cle — "

has a local mazimum on (x,y;), with z; # y;. Then, there are X;, Y; € SN
such that

G(lzj — yi|T 2 (x5 — y;), X;) € J>Hu(e;)
G(lzj — y;197 (x5 — y5), —Y;) € T u(y;)
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(I 0 X; 0 A
(5 2<% 3)emm( 7)

k= 27(q = Dle; - 17

and
where

We postpone the proof of Lemma 2.10, but let us just remark that since

< _II _II ) annihilates vectors of type ( i ), then X; < =Y.

Proof of Theorem 2.9.— Suppose by contradiction that max (u—wv) > 0

in Q. Let us consider for j € IN and for some ¢ > max(2, gi-:%)

J
¥;(z,y) = u(@) —v(y) - ;I-Ix -yl
Suppose that (z;,y;) is a maximum for ¢;. Extracting a subsequence
still denoted (z;,y;), one has (z;,y;) — (Z,7%) for some (z,7) € Q2.
Furthermore from
Vi), 95) = ¥j(z), z5),
one obtains that j|z; — y;|9 < C, hence Z = g € Q.

On the other hand

w(@) —v(@) > Tmulz) - o(y;)
> Timy;(z;,y))
> Timsup¥j(z, )
zEN
> sup(u(z) — v(z))
z€EN

and Z is a point where (u — v) achieves its maximum. In the same time we
have obtained that j|z; — y;|? — 0.
CLAIM. — For j large enough there exists (x;,vy;) as aboves with x;#y;.
Indeed suppose by contradiction that z; = y;. Then one would have
Vi@, ;) = ulzs) —v(z;)
> u(eg) = v(y) = e —
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and then ]
J
v(y) + al%’ —-yl? = v(zj).

Suppose first that z; is not a strict minimum for the function y —
v(y)+ &ly — ;|9 Then there exist § > 0 and R > § such that B(z;, R) C Q
and

o) = inf {v(w)-{-%]m—zjlq}.

o<|e—z;|<R
Then if y; is a point on which the minimum above is achieved, one has
N q
v(z;) = v(y;) + almj —y;l%
and (z;,y;) is still a maximum point for ¢; since

J J
u(z;) — oly;) — ;J-ij —y;|?! = ulz;) —v(z;) > ulz) —v(y) — al-’t -yl
In this case the claim is proved.

In the other case we want to prove that v(x;) > 0 and u(z;) < 0. This
contradicts the fact that, for j large enough u(z;) > v(z;) and ends the
proof of the claim.

Suppose first that b is increasing.

If v is locally constant around z;, by definition b(v(z;)) > 0 and then
so is v(z;) = 0.

If v is not locally constant since we are in the hypothesis that z; is a

strict minimum for v(.) + -é| - —x;|2. Then, for all 6 >0

inf  {v(z)+ %liL‘ — ;|7 > v(z;).

0<|z—x;|<R
We use the following lemma whose proof will be given later:
LEMMA 2.11. — Let v be a continuous, viscosity supersolution of
F(z,Vv(z), VVu(z)) — b(v(z)) < —¢;
with €1 > 0 for all z in Q. Suppose that T is some point in ) such that
v(z) + Clz — Z|? = v(T),

where % is a strict local minimum of the left hand side and v is not locally
constant around T. Then,
b(v(Z)) = €.
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Remark 2.12. — Of course the analogous result is true for subsolutions.

Using Lemma 2.11 with ¢ = 0, C = é and ¥ = z;, one obtains that
b(v(z;)) = 0, hence v(x;) > 0 which is the required results for v.

Now we consider that b is non decreasing. In this case by hypothesis
either u or v are strict sub or super solutions, without loss of generality we
will suppose that v is a strict super-solution.

Clearly, if v is locally constant the definition implies that b(v(z;)) > e.

If v is not locally constant we proceed as above taking in Lemma 2.11
€1 = € > 0 again we get that b(v(z;)) > e.

Hence, to summarize, when b is non decreasing, if b(v(x;)) = 0 we have
reached a contradiction and this ends the proof of the claim or b(v(x;)) >
€ > 0 and then v(z;) > 0 as required.

For the function u we proceed similarly, indeed going back to the in-
equality
V;(j,7;5) = ¥i(z, ),
one gets that
u(zs) > u(z) = 2l = 25"
We obtain that if z; is not a strict maximum for the function z — u(z) —

-g[:v — |9, there exists z; # x; = y; such that +;(2;,z;) = sup¥;(x,y) and
the claim is proved.

Let us treat now the case where the above maximum is strict.

First we suppose that b is increasing. If u is locally constant around
zj, by definition b(u(z;)) < 0 which implies the required result. If u is not
locally constant we are in the hypothesis of Lemma 2.11 (see Remark 2.16)
with €; = 0 hence one gets similarly that u(z;) < 0.

On the other hand when b is non decreasing, we still are in the hypothesis
that v is a strict supersolution. If w is locally constant around z; i.e. u(z) =
u(z;) then by definition b(u(z;)) < 0. If u is not locally constant proceeding
as above using Remark 2.16 we again obtain that b(u(z;)) < 0.

Now if b(u(z;)) = 0, since v(z;) < u(z;) = ¢, we get that
b(o()) < blu(z;)) =0. - 23)
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But we have seen that either b(v(z;)) > ¢ and this contradicts the above
inequality (2.3) or b(v(z;)) = 0 and that was in itself a contradiction.

If b(u(z;)) < O then u(x;) < 0, which is the required result.

The claim is proved.

We now conclude. Let € > 0 be given. Suppose first that b is increasing.

Since u(Z) — v(Z) = m > 0, one can take j large enough in order that
€ _ €
b(u(z;)) = b(v(ys)) > 7 and w(jlz; — ;%) < 7.

Then using Lemma 2.10, and property 2 of F, one gets

0 < F(zj,jle; — y17 (x5 — y5), X;) — blulz;))
. — €
< F(zj,jlzj — y17 (x5 — y;), X;) — blv(y;)) — 1
. _ €
< F(yj,dlz; — yil9% (x5 — y;), —Y;) — b(v(y;)) — 1
+ w(ilz; —y;17)
—€
< a0
2

a contradiction.

In the case where b is nondecreasing let € be given such that
F(z,Vv,VVv) — b(v(z)) < —€

and we take j large enough in order that

. €

w(jlz; =yl < 3-
One has, using Lemma 2.10, property 2 and 3 of F' and the nondecreasing
behavior of b,

0 < Fzjhjlz; — ;| "% (x5 — y5), X;) — b(u(z;))
< F(zjjle; — y5177% (@5 — y5), X5) — b(o(y;))
< Flyj jlzs — yil97% (x5 — y;), —Y;) — b(v(y;))
+ w(jle; —y;1%)
< =

7
In both cases, one gets a contradiction and it ends the proof of Theorem
2.9. O
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Proof of Lemma 2.11. — Without loss of generality we can assume that
T = 0. Let ms be defined as

ms = inf {v(z)+ C|z|?} > v(0)

s<|zl<R
and
e =mgs — v(0).
We choose Ny large enough in order to have Ny > % and Ny > éﬂ@f‘m—enﬁ_—l—c—
and such that for |z — y| < 5, one has
€
lv(2) = ()] + [b(v(z)) = b(v(y)] < 7-

Since v is not locally constant and ¢ > 1 for all n there exists (¢,,z,) €
B(0, 1) with

v(zp) + Clzn — ta]? < v(tyn).
We prove that for n > Ny

i T ; — |2
|3151|1<f6(v(ar:) +Clz —t,]9) < 6<1'n|f<R(v(x) + Clz — t,|9).

< X <

Indeed
Iirllgé(v(w)+0|m~tn|q) < v(zn) + Clzn —tp )7
< v(ty) (2.4)
< v(0)+ i
On the other hand, for n > Ny:

inf (v(z)+Clz—t,|?) = _inf (v(z)+Clz|?+ Clz —t,]|? — C|z|?)

Rz|z|>6 R>|z|>6
> e+ v(0) — qCltn| (diam)?!
3e
> v(0)+ —.
v(0) + n

Finally the minimum is achieved in B(0, ).

Moreover, using (2.4), the point on which the minimum is achieved is
not t,, hence the function

pn(z) = =Clz — tn|*

is a test function for v on a point zj. Using the right hand side in the
property 3 of F, one obtains that for some constant C’

F(2,Vn(23), VVpn(2F)) 2 —C'|§|7TD=(+2),
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Consequently, since ¢ > %, we can choose § such that C’§2(8+1)=(5+2)
< £ and then

b)) > b(e() - 3
> b)) - F(5, Veu (), V() — 5
€

= 61*5

This ends the proof, since ¢ is arbitrary. O

Proof of Lemma 2.10. — The proof is a consequence of two technical
facts and a lemma which can be found in Ishii [12]:

LEMMA 2.13. — Let (u,v) € USC(RY) and A € S?N, and assume that
u(0) = v(0) =0 and

ue) +o) < @A (] )

for all z,y € RN then for all € > 0 there are (X,Y) € SN such that

(0,X) € I**(w(0), (0,Y) € J*~((0))

1 Io0 X 0 2
_(.g+||A||)(O I)g(o Y)<A+6A.

This lemma will be used later with A = A; defined in claim 1 below.

and

CLAIM 1.— Let A; be defined as

i Di -Dj
4= < —-D; D, )
where D; = 2973¢gC; and Cj = |z; —y;|972(I+ (¢ — 2)(z; — y5) ® (z; — y;))-
Then ) ; I
2 . -
s <ol (f 7).
CLAIM 2.— Suppose that ¢ > 2. Then

1 1 _
alsml" —om< &n>-23q(In* +(@—-2) <& > <0 (2.5)
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for any £ # 0, £ € RY, |¢] = 1 and n € RY such that

1€l = Inl-

We are now able to prove Lemma 2.10. We use the arguments in Ishii

12]. Let j be large enough in order to have |z; — y;| < = .
[ ] J g g | J ]| ]lmj_yjlq—1+1

For € small enough, € < E%Q-Ll, define u; and v; € USC(IRY)
ule +25) — ulzj) — glo; = Y92 <z —ysr >, ol <e

uj(z) = —lz|
3
€

= 2||ulloos |z| > e

( ) —v(y + yj) + U(yj) |+|.27|1L‘] - yj|q‘2 <Zj—Yj5Y >, ly| L€
vi\y) = —y
—5— — 2w, |yl > e
We need to prove that these functions are USC. Starting with u one must
check that for |z| =€
—lz?
€3

—2||ulloo < u(z + ;) — ulzx) — jlz; —yj|q_2 <T;— YT >

This is satisfied since € < |r; — y;| implies

1 1
- < = .
Jles —yl9724+1 7 jlrg -yt +1

€ <laj —y;l* <
For v we must check that for |y| = e

2
Yy . _
~lfolle — - < ~oy + 45) + 005) + gl ~ w1 < 25— 5y >,
which is satisfied since
?< - R
Jlej =yl +1

In order to apply Lemma 2.13 we need to prove that for A; as defined
in claim 1,

u;j(z) +v;(y) < (z,9)4; ( z ) .

For that aim we distinguish several cases:
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First case. Suppose that |z| < € and |y| < e. Then |z — y| < 2¢ <
lz5 — y;l-

We prove then that for |z — y| < |z; — y;|

w@+w@<@@&<z)

Indeed one has
T
@y (5
= 3297%e; — ;1 (Jo; -y Pz — yI* + (¢ — 2) < 25—y, 2 — y >7)
and, on the other hand

uj(z) + v;(y) =ulx+z5) —ulz;) — vy +y;) +v(y;)
— glzi -yl <z —yj T > 4ilr -y <z —yy >

Adding and subtracting £|x +z;—y—y;|?— %|:vj — y;|9, one gets
J
ui(@) + vi(y) =¥i(e+ 25y +y;) — ¥ y5) + Elx +z;—y -yl
J ) _
- Elxj —y;lf = dle; —yil <z -y -y >
Hence

wil@) + 00 - @A (5 )
= i@ +zjy+y;) — ¥y + f—llw-mj —y—vyl*— %Imj —y;*

- jloy -yl <z -y -y >
- 32973q (lo; — y1 T (75 — ysPlz —yIP + (¢ — 2) <z — g5,z —y >P)).

Since by the definition of (x;,y;) one has
Vi(z + 5,y +y5) — ¥;(x5,9;) <O
it is sufficient to prove that
0> %|$+$j —y—yl?*— %le — 4|7 = jles —y1 97 < @y —yje -y >
—52973q (Jz; — w317 (lz; — ysPle — y* + (4= 2) < z; — yj, 2 —y >?))
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This can be obtained using the convexity inequality in claim 2, with
é' — 1 y] r—y

and 7 = ——.
|z — y;] lz; — s

Second case. Let us observe first that using the first case with |z| < €
and y = 0 one has

z
Hence for all y

Iyl2

|12
'j;{' +ur) < (

)-*
= xy)A< ) (Oy)A<y)+
<:c0)A(°) <0y)A< )—“j—f
+

< Gy (5) 1A + 2 1ol -
< wy)A( )

(75~ ) ol
< @ 7)

by the choice of €. The case where |z| > € and |y| < € is analogous.

Third case. Suppose that |z|, |y| > €. Then

—|yl2 |2
L B <ol + ) < s (7).

We now apply Lemma 2.13 to uj;, v; with € = -;— Hence (0,X;) €
J2’+’D,j(0), (0, —Y;) € Jz’_’ﬁj(O) and

X; 0 1o o (T -I
(%5 )eaeiaemm (7))

in the second inequality we have used claim 1. Noting that
J2Fu;(0) = [J2Fu(zy)] — (Jloj — y;197%(z; — y;),0), we see that

(Glzj — yi|7 % (x5 — v5), X;) € T u(z;)).
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Similarly
(lej = yi "2 (25 — 95), =Y;) € T w(y;).
This ends the proof of Lemma 2.10. O

Proof of claim 1.— Computing A; one gets

_.( Dj+2D? -D;-2D3
AJ—](—Dj—zpf. Dj +2D?

and Dj + 2D7 is a symmetric matrix which has a norm less than ||D;||(1 +
2972q(q ~ Dle; — 5]*72) < ID;|(1 +571+%) < 21|D;|| for  large enough.

Claim 1 is a direct consequence of
LEMMA 2.14. — For all symmetric matriz A, one has
I 0 A -—-A I -I
sian(g §)<( A 7 ) <nan( T )

where ||A|| is the norm subordinate to the Euclidean norm i.e. ||A|| =
SUp,, 511 |Az| and |z|? = 3 z2.

Proof of Lemma 2.14.— One must prove that for all (X,Y) € R*N
I -I A A
t(X,Y)(”AH(_I I )"( —A A )) (XaY)>O
One has

EX(AX — AY) +1 Y (—AX + AY)

B
3
~

|
o
N
~—
B
=
i

tXAX -t XAY -t YAX +'YAY
HX —Y)A(X -Y)

A|(X =Y )(X -Y)
v (L 7 )@

O

o

N

Il

Proof of Claim 2.— To prove (2.5), let us define on [0, 1] the function
f:

f(t) = %I& +tn|? — % —t<&n>—t2293g(Inl? + (¢ - 2) < &1 >?).
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One observes that f(0) =0,

F@®) =16+tn97% < E+tn,n > — < &0 > —q27 (In]* +(g—2) < &0 >?).
One has f/(0) = 0 and

@) = (g—2)|E+tn|T* < &+1tn,n>?

+ €+ tmT 32 =27 2q(Inl* + (¢ - 2) < &n >?) <0.

Indeed,
(q—2)|€+tn|T* < &+ tn,n >2 +[E+ |97 %)
€+ tn]TH (< &n >2 (g—2) + 2 nl* (g — 2) + 2(¢ — 2)t < &,n > |nf?
+ nl? + )t +2t < &n > nf?)
I€+ % ((g—2) < &n > +nP((a = DEMPP +2t <&, >) + 1))
274(< g0 >2 (¢ —2) + In]*(3g - 2))
2972g(< &, >% (¢ —2) + n]?).

Finally f’ is negative on [0, 1] and f as well. This proves (2.5). (|

|

Il

NN

We now state and prove a strong maximum principle when there is no
explicit dependence on u in the equation.

PROPOSITION 2.15. — Let Q be a bounded open set in RY . Suppose that
F satisfies 1 and 8 with o = 3. Let u in C(Q), u > 0 in Q be a super-solution
of F(z,Vu,VVu) = 0. Then, either u is strictly positive inside ), or u is
identically zero.

Proof. — Using the inequality satisfied by F' in its definition, let us
recall, using Remark 2.1, that

F(z,p, M) > |p|*(Mr(M)* — Atr(M)™)
= G(p, M)

hence it is sufficient to prove the proposition when v is a super-solution of
G = 0. G does not depend on x and it satisfies the hypothesis of Theorem
2.9.

Let us suppose that z¢ is some point inside  on which u(zg) = 0.
Following e.g. Vasquez [18], one can assume that on the ball |z — z| =
|z —x0| = R, zo is the only point on which v is zero and that B(z1, -3-2@) Cc Q.

Let 3y = inf w > 0, by the continuity of u. Let us construct a sub-
I:E—:E1|=—2-

solution on the annulus % Llz—z|=p< %.

~ 280 -



Comparison principle and Liouville type results for singular fully nonlinear operators

Let us recall that if ¢(p) = e~°°, the eigenvalues of D?¢ are ¢ (p) of
/
multiplicity 1 and % of multiplicity N-1.

Then take ¢ such that

J2N-DA

¢ j23)

If ¢ is as above, let a be chosen such that
a(e—cR/Q _ e—cR) =

and define v(z) = a(e™" — e~°%). The function v is a strict sub-solution of
G = 0. Furthermore

v<u on |z —zq| =

v<0<u onl|z—z|=

2| ol

hence u > v everywhere on the boundary of the annulus. Using the com-
parison principle Theorem 2.9 for the operator G, u > v everywhere on the
annulus, and then v is a test function for u on the test point 3. One must
have, since u is a super-solution and Dv(zy) # 0,

—G(Dv(z0), D*v(z0)) > 0

which clearly contradicts the definition of v. Finally u cannot be zero in-
side Q2. O

Remark 2.16. — A Hopf’s property

Using the same construction and assuming that zo € 99, replacing
the previous annulus by its “half part” % < |z — z1] € R and using the
comparison principle, sincev=0on |z —z1|=R, Dv#0in Qand v < u
on the other boundary of the annulus, one gets that

u(z) > a(e™ — e °F)

and then taking r = z¢ — h#t and letting h > 0 go to zero, one gets

_ —cR+ch _ ,—cR
u(z) — u(wo) _ e e e

h - h

This, for example, implies that Du(zo) # 0 when u is C.
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3. Liouville’s Theorem

As mentioned in the introduction we consider now F'(x, p, X) continuous
and satisfying conditions 1,3 for any € IR™. In all the section we will
suppose that & = 8 in condition 3. Finally we will denote by u the real
number

A
p=3V-1) -1

Using the comparison’s Theorem 2.9 and the strong maximum principle
in Proposition 2.15 obtained in the previous section we want to prove the
following

THEOREM 3.1. — Suppose that u € C(IRY) is a nonnegative viscosity

solution of )
—F(x,Vu, D*u) > h(z)u? in RY (38.1)

with h satisfying
h(z) = a|z|” for |z| large,a > 0 and v > —(a + 2). (3.2)
Suppose that

1 D(p+1
b<qg LIt

then u = 0.

Now recalling Remark 2.1, condition 3 with a = 3 implies that if u is a
solution of (3.1) then it is also a solution of

— M5 A (D?u)|[Vul® > h(z)u?.

Therefore in the proof of Theorem 3.1 we shall consider this inequation,
using the same notation F for its left hand side. Before giving the proof
of Theorem 3.1, let us define m(r) = infzep, u(z). Let us note that if u
is not identically zero and satisfies (3.1), the strict maximum principle in
Proposition 2.15 implies that m(r) > 0.

‘We now prove the following Hadamard type inequality
PROPOSITION 3.2. — Let u be a viscosity solution of —F(x, Vu, D?u) >
0 and u > 0, which is not identically zero. For any 0 < Ry < r < Ry:

m(r) > m(R) (™ — Ry*) + m(Ro)(Ry " —r7H)
g R{* — Ry* '

(3.3)
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Proof. — This is immediate using the comparison principle Theorem
2.9 with b = 0 in Bg, \ Bg, between the function u and the function ¢
defined by ¢(z) = g(|z|) with g(r) = Ci7™* + C2 where C; and C; are
chosen such that é(x) = m(R;) on dBg, and ¢(z) = m(Rz) on Bg,, since
My, A(D?¢) = 0. Using Remark 2.1, we can apply the comparison principle
Theorem 2.9 in B, \ B,, between u and ¢. And this gives precisely (3.3).
O

COROLLARY 3.3. — Suppose that u satisfies the assumptions in Propo-
sition 8.2. Then, forr > Ry:

m(R1 )7'_“

ri ¥

m(r) =

Just observe that since u > 0, by letting Ry tend to infinity in (3.3) we
obtain the above inequality.

COROLLARY 3.4. — We still assume that u satisfies the assumptions in
Proposition 3.2. Suppose that 1 < r <11 andry = 2. Then

m(r) —m(r1) > (m(1) - m(2))(r™* —r*). (3.4)

As a consequence for 0 < 6 < %

m(ri(1 — 6)) —m(r1) > (m(1) — m(2))r; “Op.

Proof.— We use the inequality

m(Ry) — m(Ry)

m(r) — m(R2) > R R

(r™* = Ry")
which is equivalent to (3.3) in Proposition 3.2 with Ry = 1, and Ry =71 > 2
and m(Rz) = m(ry) < m(2) to obtain (3.4).

We then use the mean value theorem and the fact that (1—6")~*+1) > 1
when 1 > 6’ > 0. O

Proof of Theorem 3.1. — We use arguments similar to the one used in
[9]. We suppose by contradiction that u # 0 in IRY, but since u > 0 and
u is a super-solution in the viscosity sense, using Proposition 2.15 one has
u > 0. We denote by C the constant

o= M) —m@)u
m(ry)ry
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=71 r—r1 +3
Let 1 < m < -}23, define g(r) = m(rl){l - 6(1}%_7,1)) — K(R_Ti)sl } Let
¢(z) = g(|z|). Clearly for |z| > R, {(z) < 0 < u(z). On the other hand

there exists Z such that || = r1 and u(Z) = {(&).

Let us observe that the definition of C implies that v — ¢ has a local
minimum on [ry, R]. For this, one proves that for 0 < %, for x such that
r1 2 |z| = B, u(z) > ((«). Indeed, for such z, |z| = r1(1 - 0)

((z) = g(rn(1-9))

m(ry) + (m(1) - m<2>)r;“(g+‘)’;l)
< m(r) + (m(1) - m@)ry 0u
< m(ri(1—0))
< ulz).

Hence a local minimum of u(x)—{(z) occurs for some Z such that |Z| = 7
with ry <7 < R.

Let |x| = r, it is an easy computation to see that for r > r;

2
"

and 1" 6(7‘ - 7'1)
g"(r) = —m(r1) <m)
and then
—F(z,V¢, D*((z))
< =AVE*(AQ)

< AV <g”(r) + ($> g/(r))

at1| C+38 |7 6 N-1\ C+3
< )™ E Ty <(R—7‘1)2+( r )(R—n))
Cl
< m(rl)a+1(R—T1)a+2 (3.5)

using » > 7, > R — r;, for some universal constant C’. Since V{(Z) # 0,
using the definition of viscosity solution

h(Z)i(z) < ~F(z, V((2), D*((2))-
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We choose R sufficiently large in order that h(z) > alz|? for |z| >

R
Combining this with (3.5), we obtain

=,
aP'm(7)? < aP"ul(Z) < C'm(r1)°* T (R — 1) "0+,

Since m is decreasing the previous inequality becomes

m(R) < C"m(r) T 77 (R — 1)~ 5.

Now we choose r; = %,

we use Corollary 3.3 and finally we get

m(R) < Cm(R) ST R=SF22, (3.6)

First we will suppose that § < a+1; hence, using the monotonicity of m(R),
the above inequality becomes

at2+4y
RT3

< C"m(R)SFH1 < 07u(0) ST

Since we are supposing that o + 2 + v > 0, we get a contradiction. This
concludes this case.

Now suppose that g > a + 1, this implies that (3.6) becomes
m(R)R* < C"R*~ 05 (3.7)

Ifg < MO‘T‘HM then p— éﬁi—i—}% < 0. We have reached a contradiction

since the right hand side of (3.7) tends to zero for R — +oo while the left
hand side is an increasing positive function as seen in Corollary 3.3.

This concludes the proof of this case.

We now treat the case g = Liyt(e+D@+l) 76t ys remark that for this

I
choice of ¢ we have that for some C; > 0, ¢ > 0 and 7 > r; > 0, with r;
large enough:

—F(z,Vu, D*4) > ar"ud > Cyr~WHD(e+)—1 (3.8)

We choose ¥(z) = g(|z|) with
g(r) =mr~*log"r + 72

where +; and 7, are two positive constants such that for some r; > 1 and
some ro > 11!
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m(rz) = g(T'Q),
m(rl) = g(rl)7

while v is a positive constant to be chosen later. It is easy to see that
[VYI* M3 A (D)

14
= = i el O g [ g (A + 1)

—(N = 1DA) = uwrr~ B+ D 1og" e 4 Ap(v — 1)r~ W+ 1og¥ 2 r}

< —CT'_(”+1)(‘1+1)-1(1Og ,,,)ua+u—1‘

~x

We have used the fact that A(p+1) — (N —1)A=0.

We can choose v > 0 such that va+ v — 1 < 0. Using (3.8) this allows
us to get

Cr—(+D(a+1)-1

C,r.—(u+1)(a+l)——1(logr)ua+u—1 > _|V¢|QM;,A(D2¢)'

—F(z,Vu,D%u) >
>

Since u > ¥ on the boundary of B,, \ B,,, one obtains by the comparison
principle that u > ¢ everywhere in B, \ B,.
When 75 goes to infinity it is easy to see that v — 0, and we obtain
u(z) > clr| ™" log"” |z,
for |z| > r1. This implies that
m(r) = er *log” r
for r > ry. We have reached a contradiction since
m(r) < CrH.

Hence u = 0. This concludes the proof of Theorem 3.1. O
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