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An example of nonlinear g-difference equation )

FRrREDERIC MENOUS ()

ABSTRACT. — We study the formal solutions of the non linear g-difference
equation
zoqf — f = b(f,z)

where o4f(z) = f(gz), with a real number ¢ > 1 and b(f,z) belongs
to C{f,z} with the conditions b(0,0) = 0 and (97b)(0,0) = 0. We prove
that a solution of this equation can be conjugated to the solution ueq(z) =
ug ™~ 108q #(logg 2—1)/2 (0qu = u) of the associated homogeneous equation,
with the help of a formal substitution automorphism @ € C|[z, eq, u, 84]]-

Following the methods developed by Jean Ecalle, we first express this
conjugating operator © as a mould-comould expansion. The mould W*
can be computed and each of its components is a formal series in z.

When b(0, z) = 0, these components happen to be convergent and we
prove that the conjugating operator is also convergent in a well-adapted
topology.

In the generic case, the components of the mould are no more conver-
gent. Nevertheless, these components are g-multisummable. This is not
sufficient to define a good resummation process for the conjugating oper-
ator. Some unsolved problems call for new results in the g-resummation
theory. Besides this, it also seem that the arborification of moulds yields
some simplifications of the encountered problems.

RESUME. — On étudie les solutions formelles de I’équation aux ¢-différen-
ces non-linéaire
CL'U'qf -f= b(f,(t)

olt oqf(x) = f(gz), avec un nombre réel g > 1 et b(f, z) est dans C{f, z}
avec les conditions b(0,0) = 0 et (97b)(0,0) = 0. On prouve que les so-
lutions de cette équation peuvent étre conjuguées aux solutions ueq(x) =
ugq ™ 198q 2logg z—1)/2 (oqu = u) de I’équation homogene associée, grace a
un automorphisme de substitution formel © € C[[z, eq, u, Ou]].

En suivant les méthodes développées par Jean Ecalle, on exprime tout
d’abord cet opérateur conjuguant © comme une série moule-comoule. Le

(*) Regu le 29 aoiit 2003, accepté le 14 janvier 2004

(1) UMR 8628, Département de Mathématiques, Université Paris-Sud, Centre d’Orsay,
91405 Orsay Cedex.
E-mail: Frederic.Menous@math.u-psud.fr

—421 -



Frédéric Menous

moule W*® peut étre calculé et chacune de ses composantes est une série
formelle en .

Lorsque b(0,z) = 0, ces composantes sont convergentes et on prouve
que 'opérateur conjuguant est aussi convergent pour une topologie adaptée.

Dans le cas générique, les composantes du moule ne sont plus conver-
gentes. Néanmoins, ces composantes sont g-multisommables. Cette pro-
priété n’est pas suffisante pour définir un procédé de resommation adapté
a lopérateur conjuguant. Ces problémes semblent nécessiter de nouveau
développements en théorie de la g-resommation. Parallelement, il sem-
ble que le procédé d’arborification des moules permet de simplifier les
problémes rencontrés.
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1. Introduction

Let g > 1. There has been many recent developments in the theory of lin-
ear g-difference equations. In [2] C. Zhang introduces the notion of ¢-Gevrey
asymptotic expansions of order 1 and of g-summable formal series. In [3],
C. Zhang and F. Marotte define the notion of g-multisummable formal series:
they develop a g-analog of the usual accelerosummation or multisummabil-
ity. With the help of this new resummation theory, they prove that the for-
mal solutions of a linear ¢-difference equation are g-multisummable. There
also has been very recent results on the analytic classification of linear ¢-
difference equations.

Our aim is to try to develop analogous results for non linear g-difference
equations, with the help of the methods developed by J. Ecalle in [1]. We
focus here on the most simple case.

In section 2, we introduce the non linear g-difference equation

zoqf — f =b(f,z)

where o, f(z) = f(qz), with ¢ > 1 and b(f, z) € C{f, x} with the conditions
b(0,0) = 0 and (95b)(0,0) = 0. We try to express a solution of this equation
as a conjugate to the solution ue,(x) = ug™ 10818 2=D/2 (5 4 = u) of
the associated homogeneous equation, with the help of a formal substitution
automorphism © € C|[z,eq,u,0,]]. Following the methods developed by
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Jean Ecalle, we first express this conjugating operator © as a mould-comould
expansion, with the help of a mould W*.

In section 3, we give a recursive definition of the mould W* and prove
that it is symmetrel. It implies that the operator © is a formal substitution
automorphism.

In section 4, we solve a family of elementary linear g-difference equations.
These solutions allow us, in section 5, to give a formula for the mould W*.

We study in section 6 the convergent case: when b(0,z) = 0, the com-
ponents of the mould W* happen to be convergent and we prove that the
conjugating operator is also convergent in a well-adapted topology.

In the generic case, the components of W*® are no more convergent.
We recall in section 7 the definitions related to g-summability and prove
in section 8 that the components of W* are g-multisummable. This is not
sufficient to associate a sum to the divergent operator © and we give in
subsection 8.2 a list of problem that remain unsolved.

As this seem to bring some simplifications for the previous unsolved
problems, we introduce in section 9 the notion of arborification of a symme-
trel mould. We give an expression for the arborescent mould W*" associated
to W* and translate our unsolved problems in terms of we".

Our unsolved problem are expressed in the conclusion (section 10) in
terms of questions about the algebraic structure of g-multisummable formal
series which are solution of a linear g-difference equation.

2. An example of nonlinear g-difference equation

The aim of this paper is to study the formal solutions of the following
equation:

z0ef — f = b(f,2) (21)

where o, f(z) = f(gz), with ¢ > 1 and b(f,z) € C{f,z} with the following
conditions:
b(0,0) = 0 and (9¢b)(0,0) =0

The solution of such an equation is well-known in the case where b =0
2.1. The homogeneous equation

Let
(Bo))  zoyf—f=0 (2.2)
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The solutions of this equation are the “g-exponential” functions, by analogy
with the usual exponential function, which is a solution of the differential
Euler equation.

One can check that the function defined by e, (z) = g~ 2 l0gg z(logg z=1)
(on the Riemann surface C®) is a solution of equation (Ep). Any solution of
(Ep) can then be written eq(x)u(z) where u(gz) = u(z). Such a function u
is called a g-constant.

Starting with a solution ue,; of the homogeneous equation, we try to
find a formal solution of equation 2.1 which is formally conjugate to ue,.
Following the ideas developed in [1], we try to find a conjugating operator

O € Cl[z, eq, u, 0y]] (2.3)

where O is a formal substitution automorphism such that ©.(ue,) is a formal
solution of equation 2.1.

2.2. Necessary conditions on ©
2.2.1. Notations

Let us consider once again b(f,z) € C{f,z} with 5(0,0) = 0 and
(0¢b)(0,0) = 0. This function can be written:

b(f,2)=f > ba@)f"=F > bnozf*  (b_1,0=boo=0)

nx-—1 nz—1020
(2.4)
If we consider the set
n -1 0
HO - {77—(0): n>_17 020}/{( 0 )a(o
- H._1 UH>0 (25)

where
H ,={neH;yn=-1} Hyo={n€ H;n >0}

then, for a given variable u (which should be considered as a g-constant),
one can define the following operators.

Vne Hy ; B, =bu""0, (2.6)

where b, , = b,. These operators are useful in the study of nonlinear differ-
ential equations but we will need here some slightly different operators.
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DEFINITION 2.1. — Let
H={m+...+nss21n € Ho} (2.7)

Forn € H, the operator D, is defined by:

1
D= > —bm byt tnstsgs (2.8)
21 m+. . 4ne=n
n. € Ho

It is important to notice that, for any n = ( : ) € H, the operator

D, is a finite sum which degree in 9, is at most n + 20. In section 6, these
operators will be studied in details. It is easy to see that:

Vne Hy ; Dhu=DB,u (2.9)
and,
Bu = Z z7B,.u = b(u,x)
n€Ho
(2.10)

D.u

Id+Zx"]D),, u = u+b(u,x)

neH

D is a “convergent” substitution automorphism:
Vf.g € uC{u} ; D(fg)=(Df)(Dg) (2.11)
and the notion of convergence will be developed in section 6.
In fact, D is actually defined by,
Vo € C{u,z}, (D.o)(u,z)=p(u+b(u,z),z)

and this is indeed the Taylor expansion of p(u+b(u,x), z) at the point (u, z)
that allows us to define the components ID,,. This definition of D ensures that
it is a “convergent” substitution automorphism.

In order to define the conjugating operator ©, we introduce some nota-
tions:

DEFINITION 2.2. — Let H = Ug»1 H® be the set of sequences of elements
of H. If n =m1,...,ns € H, then

Im)=s ; n:( ) ol =t b (212)

ag
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Moreover‘n =mna,...,ns, My, = and, finally,

Dy =Dy, ...Dy, (2.13)

If we refer to [1], the set {D,,},cn defines a cosymmetrel comould. Let
us go back now to the definition of ©.

2.2.2. The automorphism 6

As the function ue, is a solution of
zoaf —f=0

we must define a substitution automorphism © on C[[eg, z, u, 9,]] such that
the function
O(ue,) = O(u)e,

is a solution of
(E)  =zogf — f=0b(fz)
To do so, we will look for an operator ©:
O=1+Y WDy, (2.14)
neH

where W' € Cleq, z]]. This set of monomials defines a mould W* and, as
© must be a substitution automorphism, this mould has to be symmetrel
(see [1]). Let us investigate what should be the definition of the mould W*.

3. First steps on the mould W*

3.1. Recursive functional equation for W*

Suppose that
fu,z) = O(ueg) = O(u)eq (3.1)

is a solution of
(E)  zogf — f=0b(fx)
where © is a substitution automorphism. Then,
flu, z) = ueg(x)+ Z WDy, (ueq(x)) = ueq(x +Z eq(z)WDy(u) (3.2)
neH neH
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zogf(u,z) =
and
b(f(u,z),x)
b(f(u, z),z)
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zuog(e,) + Z zog(eq(x))og (W) Dy (u)

neH

ueq(z) + Z eq(z)og (W) Dy(u)

neH

flu,z) Z an,afc"f"(u,@

nz—1020

O(ueq() D D bno” (B(u)eq(2))"

nz—1020

<ueq 3D bnoa? (ueg(z ))

nz—1020

(¢S] ( Z Z by oz’ (ueq(w))n+l>

nx—10>0

(C] Z % "+1 B, (u)

n€Ho

Z %e n+l u)

neH

3 aTmep (z)W Dy (ueq ()
neH

Plugging these expressions in the equation, we get:

(3.3)

(3.4)

THEOREM 3.1. — The monomials (W"), g must satisfy the following
recursive functional equation:

VYn=m,...,ns € H,

with W9 = 1.

oq — Wm0 (1) = x7r et (x) W2 (z) (3.5)

Assuming that the mould W* is completely determined by these equa-
tions, we can already check that © is a substitution automorphism, that is
to say that the mould W* is symmetrel.

3.2. Symmetrelity of W*

We prove here that, if well-defined, the mould W* is symmetrel.

— 428 -



An example of nonlinear g-difference equation

n e, M
Letn=(n1,---,ns)=<ai ’ O_S>andu:(,u1,...,ut)=
)t s
( TZ; o Tgt ) two sequences of HU {0}. The symmetrelity rela-
3 .. 3 t

tions will be proven by induction on [ = I(n) + I(p).
For | = 0, it is obvious that
WIWP =1 =0
Forl=1,
WIW? = Wohwn = wr

Suppose that the symmetrelity relations are satisfied for a given [ > 1. If
n € H with I(n) =l + 1, then

WIW? = Wowm = wn

If (n, u) € H?, with I(n) + () = | + 1, then,

A
Snp = Z 144
A€ctsh(n,p)
- TS S w3 e
A€ctsh(‘n,p) A€ctsh(n,\u) A€ctsh('n,\n)
thus
(g =1)Sppu = Z (Uq_l)Wm’)"" Z (Uq_l)Wm‘)‘
A€ctsh(‘n,p@) A€ctsh(n,\w)

+ Z (0 — 1)W"1+“1)‘
A€ectsh(‘n,\w)
= Z z”leglw)‘ + Z Pt e;’“W)‘

A€ctsh(‘n,u)) A€ctsh(n,\n)
ag1+p1 ,n1+miypA
+ E z €q 144
A€ctsh(‘n,\w)

= 2%l WIWH 4 Pt Mgk
+x%1 P eZle;"lW\"’W K

= ((og =YW WH + W1 ((0q — IWH)
+ ((o0g = W) ((04 — HWH)

= (0g—1) (WTWH)

If we can define the inverse of (¢,— 1), then we get the symmetrelity relation
at order [ + 1. This ends the proof of the following theorem.
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THEOREM 3.2. — If the mould W* is completely defined by the recur-
sie equations 3.5, then this mould is symmetrel and © is a substitution
automorphism.

It remains to prove that the mould W* is uniquely defined by the equa-
tions 3.5. This is the goal of sections 4 and 5. But we can notice first that
we can factorize some g-exponentials in the monomials of W*.

3.3. The mould W*
Let us define a new mould W*.
DEFINITION 3.3. — For n = (m1,...,7ns) € H. The monomial W7 is

defined by

MNlseees ns

w — 631+...+nswm,-~,ns — eg"”W”l’“""s (3.6)

It is clear that W% = 1 and

(0 — YWMols = g (e (elnl Yo Wsmls eIInIIWm, oMs
= oIl gy meme _ glnlyym. 3.7)
= xaleg"“W"z’ s

thus

Spa(W1e) = (2=, 1) Weolle — o1y mas-ms

We can then conclude that

THEOREM 3.4. — If the mould W* is uniquely defined by W =1 and:

V(n,...,ns) € H, Sppy(Wmm) = (a7 IPlgy — 1) wmems

= i N2-Ns (3'8)

then this mould is also symmetrel and the mould W*® is uniquely defined.
Moreover

O=1+Y WD,=1+ ) ellwm, (3.9)
neH neH
15 a substitution automorphism that conjugate the function ue, to a formal
solution of

(zog —1)f = b(f, z)
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In the two following sections we prove that the mould W* is uniquely
determined by the equations 3.8 and that:

vne H W"eClz]] (3.10)

To do so we first study, for n € H, the solutions of

(Ey) : Snl(f) = 2° (3.11)

4. Resolution of (E,): S,(f) = z7

Let f(z) = Y nso fnx™. For n = ( Z ) € H, we are looking for the
formal solutions of the equation (E,)):

Su(f) = 2° (4.1)

which defines the monomial W7.
4.1. Case n € H/H,

In this case n = ( Z ) is such that n < 0 and ¢ > —n. If m = —n, the

equation (E,) becomes:

xmoqf—fzx”

Thus
> fedt T = fra® = z
k>0 k=0
k—m .k k
E fe—mq" "z —E fez® = a°
k>m k>0
k—m_k k
E from@® b =N fra® = 27
k>oc+m kzo

If V is the valuation of f, then V(f) =0, f, = =1 and, for k > o, if
k—o#0 [m], then fi = 0. Otherwise, if k = am + o (a > 0):

fa+am = fa+(a—1)mqo+(a—l)m

thus

ao, ma(a—1)/2

fa+am =—q q
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It means that

f(l‘) - _ Zxo+amqaaqma(a—l)/2
az0
- _ Z mo-i-k:nq—ktfq—nk(k—}—l)/2
k<0
- _ Z xa‘—i—knq—ka[k + 1]2
k<0

where [k], = ¢ k(k—1)/2,

4.2. Casen=0

We have So(f) = (0, — 1)f and if ( 2 ) € H, then ¢ > 1. It implies
that:

Z(qn — 1) frz" =2°

nz=0

thus

r z° —ko a- n_ —ko n
f(z) = =Y a7q7F =) " gothrgRo [k 4 7

o _1
q k=1 kz1

4.3. Casen>1

We have S,,(f) = ("0, — 1)f and

oo(f) —z"f = "t
Z fqumk _ Z fk$k+n = gnto

k>0 k>0
> gt =) fronat = gnto

k>0 k>n
> fedtzF = > fraa = g™t

kzo+n k>o+2n
Z fa+anqa+an$a+an - Z fa+(a~1)n$a+an = gnte
ozl a2

So V(f) =0 +n, fo+n=q,% and, for a > 1,

f0+anq0+an = fa+(a—1)n

thus
f0+an — q——oaq-na(a-i—l)/Q
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and finally
Fa) = 30 2o+ =Mk 17
k>1

4.4. Conclusion

In every case:

THEOREM 4.1. — Letn = ( Z ) € H. The equation (E,):

has a unique formal solution:
Wh(z) =e, Z otk gk 4 1]y (4.3)
keZn

with e, =1 (resp. en, = —1) if n >0 (resp. n < 0), Z™ = Z** (resp. Z™ ) if
n >0 (resp. n <0) and [k + 1], = g kktD/2,

Using this theorem, one can uniquely define the mould W* and we even
have a closed formula.

5. A formula for the mould W*
We recall that our goal is to define and study the monomials W where

neH={n=(n,....,ns) ; Vi<i<s, meH ; s>1}

THEOREM 5.1. — If n = (m,...,7ms) = Mo Ms ) ( n ) € H,

J1y...,05 o
then the monomial WM is a formal series with the following expression:

WM z) =ep Z xllall+klnl+---+ksnsq_kldl_»--_ksos [kl + 1]31 [ks + 1}25

(k1,...,ks)€Z2
(5.1)

with the notations
. €n:H1<i<s€fh with fl; =n; + ...+ ns.
o ZN =7M x ... x ZP".
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This result is proven by induction on s. For s = 1, the result is simply the

Theorem 4.1. Suppose s > 2 and 7 = (91,...,7s) = ( 7;1,-..,7015 > c H
1y.++50s

ng,...,Ng
J124-..,05

Then‘n:(nz,...,ns):( )EHand

Siay (W) = Sa, (W) = @ W'
thus \
W =5z W)
but
W\'n(x) =ey Z x||‘a||+k2n2+.--+Esnsq—kzaz—...—kgos [];:2 + 1]32 o [ks + 1];03
(k2. ks )EZ'R

If "k = (ko,...,'ks) and [2] = [k + 1P2...[ks + 7= (with
q

\ki =ke+...+ ki), then
W@ =ey Y al'ol# (k)=o) [ n ]
q

‘k
(k2,....ks)EZ'T

_ Vi N ‘n
Wh(z) —ey Y. ~ (Z_||0'H+<k| n>) g (ko) [ o J
q
oI+ (R ) e o= (lor+ (k' m)) e

A 'Fll ﬁl A \n
€\n Z € Z X[k1+1]qq <k|a>|:\i(]
q

(kg,...,ks)EZ'R k1 €L™1
—en Y alol(Kin)g(Keyg=(Rimph g, 4 ) { i }
(kl)"')ks)ezn q
where k= (iﬁ},...,ks) and kz =k +...+k;. But

q (ks [y 4113 [ o ] = (ks + 17 x

q
s

Lo """ tha + 1oL+ 1]
= [k;:—f— 17t x
;
H <q_k1(k1+1)/2q_‘fc,k1qf\k,(‘k1+1)/?)"l
— lhn 17 [T+ by 11
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and it ends the proof.
This theorem calls for some remarks:

e From the formal point of view, we have completely defined a formal

substitution automorphism © such that ©(ueq) is a formal solution
of

(xog = 1)f = b(f, z)

e Generically some monomials in the mould W* will be divergent. This
call for the definition of a resummation process, in order to get some
convergent solutions of the above equation.

o If n=(m,...,ns) € His such that, for 1 <i<s, i =n; +... +n;
is non-negative, then the monomial W7 is a convergent power series.

e This happens automatically if b(0,z) = 0. In this “convergent” case,
there is no need for resummation and we shall prove in the following
section that © itself is a convergent operator.

6. The convergent case b(0,z) =0

We consider once again the equation

(zog = 1)f = b(f, )

but now b(0, f) = 0 and -g—;((), 0) = 0. In our previous results, we can restrict

ourselves to
n 0
o= {n= (7). nz0 o=0p{(7)]

H={m+...4n 5 s>1, (q,...,n) € B} = Ho

and then

Once again H = Uy H®. We first prove that the monomials W* and W*
are convergent and we give some estimates in the neighborhood of (0, 0).
We give then some bounds for the semi-norms associated to differential
operators {, n € H}, so that we can prove the convergence of © in the
“convergent case”. Let us first begin by giving some definitions, as well as
some combinatorial results on the structure of H.
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6.1. Seminorms

In order to study the convergence of such operators as ©, we need to de-
fine some seminorms on differential operators in 8, acting on C{z,u}. Let
¢ € C{z,u}, and P an operator of C{z,u} into itself. We have the semi-
norms

lelly = sup [o(w)| (6.1)
uelU
IPlluy = sup [[Pollv (6.2)
eillellu<t

Where U and V are two (z,u)-neighborhood of (0,0). A series Y P, is
normally convergent if > || P, ||y, converge for at least a pair U,V. We
should now only consider the following neighborhoods:

Va >0, U,={(z,u)eC? ; |z|<a, [u<a} (6.3)

As we are going to deal with sums on H, we first need some enumerative
properties on this set.

6.2. Combinatorial properties
For n € H, we define its weight N(n) = n+ o. It is clear that
VYne H, N(n) =1
This weight can be extended to H:

vn=(m,...,ns) € H, N(m)=N(m)+...+N(ns) (6.4)

DEFINITION 6.1. — Let

e For N>1,q(N)=#{n€eH ; N(n =N}
e Forne H, and s > 1,

P, s)=#{(m,-..,ns) € H>;m + ... +ns =n}

e Forne H, P(n) =3_,., P(n, ).
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One can see immediately that

LEMMA 6.2. — We have the following bounds:

VN > 1, qN) < (N +1) < 2V
-1
Vpe H,s>1, P(n,s) < 2N<">C,Sv(n)_1 (6.5)
VneH P(n) < 4N ()

and it is clear that, forn € H, if s > N(n) then P(n,s) = 0.
Let us go back to the study of the moulds W* and W*.

6.3. Estimates for the moulds W*® and W*

In the convergent case, every monomial of W* is convergent. We give here
some estimates for W* and W*. These bounds are valid for |z| < o < 1 but
we must keep in mind that, if for W*®, we can restrict ourselves to complex
numbers x, for W*, because of the g-exponential factor, we will consider x
as an element of C, the Riemann surface of the logarithm.

LEMMA 6.3. — For a < 1 and C > 0, if Vo = {z € C;|z| < o} and
Va,c = {z € Cj|z| < a and |arg,z| < C}, then, for n = (n1,...,n5) =

Nyy.o.y,Ng _ n GH,
01y...,0s o

Wl =sup W) < (45 @¥ g TN g
and
s (x| s
Wy, o = sup W(z)| < (L) 0™ (eg(a)g®/2) " g~ 2N
= Voo g-1
(6.7)

In the convergent case, if n = (m1,...,71;s) = ( Myees M > = ( : ) € H,

01y...4,05
then the monomial W™ is a convergent power series with the following
expression:

W (x)= Z z||0'||+1'c1n1+..‘+fcsnsq—fﬂol—...—fcsas [kl + 1]31 o [ks + HZILS
(k1,...,ks)EN*
(6.8)
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where [k + 1], = ¢ **+1/2 If k > 1 then [k + 1], < ¢7* thus,

[W(z)| < Z 'x|“0’|I+k1n1+u-+ksnsq—k10'1—-‘.—k30'5 [kl + 1]21 o [ks + 1];15

(Kk1yeee,ks ) EN*
< Z |w|||a||+k1n1+...+ksnsq-k1(al-‘r—nl)—‘..—fvs(os-{-ns)
(k1,....ks)EN>

If |zl <a <1 (z €C) then

Wh(z)] < oW Z g Fi(ertn) = —ks(0s+ns)
(k1,...,ks)EN*

< oM™ Z g Nm) ==l N(n.)
I<h <la<...<ls

aN(U) Z q_llN(nl)_-u_ls—lN("]sfl)Zq_lsN(ns)

<
1<l <la< o <lo_y lo=lo_1+1

N(ns)

< q_N(ns) q aN(")X

= qN(’f]s) —_ 1
Z q—llN(m)—..‘—ls_1N(ns—1+Tls)

I<h <lo<...<ls—1
< —L_ N =N@ms)

qg—1
q'—llN(”]l)*‘--_lsle(ns—l"F"s)

I<hi<la<...<ls1
s 8 .
< ( Ll ) QN = 3 iNG)
q-

Note also that

Il

q log, z(log, z—1)/2

€ (:!)
q
q—(logq [:c|+iargqac)(logq |zf+ial‘gqa:—l)/2

q log,, |z|(log, |m|‘1)/2qarg§z/2q—iargqm(2 log, |z|—1)/2

So, if r € Voo = {x € C;|z| < o and larg, x| < C} with oo < 1 then

2
leq(2)] < eq(@)g”/?

and this ends the proof of the lemma.

To prove the convergence of O, it remains to find some bounds on the
operators Dy, (1 € H).
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6.4. Bounds for differential operators

There exist B > 0 such that
Vne H, |byE |bpo| < B = BN

We remind that U, = {(z,u) € C?%|z| < ¢ and |u| < }.

LEMMA 6.4. — Let 0 < a < B and ¢ a holomorphic function in the

neighborhood of Ug, then, for any n = ( Z ) €4H,

” 2Baﬁ N(m)
loDylo. < (52) " el

B
thus,
Dyl < (222) "
‘We have
z7Dy.pllu, = | Z w”%bm T

1<s< N
m+...+ns=mn
n. € Ho

N(n)

N

m+...+nms=mn
n. € Ho

and, using the Cauchy estimates,

s!
105-¢llu. < (_ﬁ__—a)';”SOHUa
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thus
N(n) s
(87
127Dy pllv, < (Ba)N™ Y- E: (g—mem%
s=1 m+...4+ns=1
T G Hop
N(n) a’
< (BayN™ " P(n, 8)@”%“%
s=1
N(n)
< (Ba)¥® Z eVl 1(7—)1130”(15
- (B N(m)-1
< —— (2B« (n A
2 eBa) (%(_a) el
2Bag\ "
<
(F22) " e,

This ends the proof of the lemma and we can deduce from this that

LEMMA 6.5. — For 0 < a < 3 and ¢ a holomorphic function in the
neighborhood of Ug, then, for any n = (m,...,ns) = ( Mo er T ) =

01,...4,0%
n
(2)en
g

2Baf Nm
mew%gwmgfﬁ lellu, (6.12)

First, consider a = as < as_1 < ... < a1 < ap = 3, then

= ||IGSID)7IS tt "L’UlDTll‘SDHUQS
< ||£E05Dns ||UustDt541 s |'$U2Dﬂ2 ||Ua27Ua1
x||27 Dy, v, us llellus

u QB(XiOéi_l N
H — ||<P||Ua0
o1 — Oy

=1

12171 Dy. ol

N

where N; = N(n;). We have to estimate

a17--»,

N,
Ny, . 2BOL10(1 1 ’
Tao _H<az l—az>

_ (Nl + NQ)O(QOLQ
NlOz() + N2a2

If
= f(a07a27N17N2)
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then )
Niaj — Niasa Niog(ag — o
o — g = 104 10200 1a0(ap 2)>0
Niag + Noag Niag + Noay

and
—Noaz(ag — )

Niow + Naas
thus as < a7 = f(ao,ag,Nl,Ng) < ap and

(230410(0)1\[1 N <QB(N1 +N2)C¥20¢3>N1
g — oy Niap(ap — ag)

<0

Qg — (1] =

I

<2B(N1 + Ng)azao) M
Ni(ag — a2)

and

(2Baza1 ) N (213(1\71 + Ng)a%a()) N2
o — oy Noao (o — )

Il

(219(1\71 + Ny ) N2
Naao (o — az)

thus, for this choice of oy,

Qpy...,04
T Ni,...,Ns _ s 2Ba, o, 1 N
o - I[[i- (m)
Qa2 PRI s
(N1+N2)N1+N2 N1 + N2 yeres  Ns

= N1 N2 ag
NN,

Using recursivly this formula, for s > 2, we can find (ap =B and a; = )

Qg1 = f(a07asaN1+-~~+Ns—17Ns)
Qs = f(QOaas—l’Nl+~-+Ns—2»Ns—1)
ar = f(ao,ar41, N1+ ...+ Ni, Nit1)

aq = f(a07a23N13N2)

such that @ < as_; < ... < a; < 8 and

p NN (Nt NNibetNe (9B Mkt
« B NN NN B—a
and finally
NN 2BaB\ Y
llell
I#41Bn plle. € (322) elo, (619
where N; = N(n;) and N = N(5). Using now that
N
sup v sN (6.14)

Ni+..+Ns=N NIN1 ...NSNS

we get the attempted result.
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6.5. Conclusion

Putting together these different results, we get

THEOREM 6.6. — Let us consider the equation
(xog —1)f =b(f,x) (6.15)

with b(0,z) = 0 and g—;’c(0,0) = 0. For any C > 0, there erists 0 < a < 1
such that the formal solution:

f(z,ueq(z)) = O.(ueq(x)) = ueqg(x) + Z eI+ ()W (z)Dy.u
neH

1s indeed a normally convergent series in
Usc ={(z,u) eCxC ; |z|<a,largz| <C, |ul <a}.
It is clear that

lueg(@)]lva,c < aeq(a)g®

F0rﬂ=(771,-«~,775)=(Zi’:::’ ) < >€H,weget

el I+ (@) |y, o < (eq(a)g®/2)ImIHE

and

E]

k)
Wbl < () ety E N0l

thus, if M7 = ||el™ T () W(z)Dy.u|v., o,

8 N(m)
: g SN ((28Bof
M < (e, ()€ /2 Ial+1 (ﬁ) almll = N ) (7—_04) lullo,
We can choose 8 = 1 so, if o is such that o < 1 and eq(a)q /2 < 1,

S N(m)
lel @ W @D ulr,e < (75) g 2m NN (322)
2

< (Ll_) N —one) gV
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For € > 0, there exists « is sufficiently small such that

q 2B«
g—11—-a
and as 1
Vs > 1, *<
elogq
then, if
Moo = |lueg(@)v, e + Y el (@)W (z)Dy.ullu, .
neH
we get
Myc < 1+ Z gNm) g=sN(m) gN(m)
neH
Z c N(m)
<5 )
oo elogq
N
€
<y Y ro ()
NzlneH;N(n)=N g4q
N
€
< X ame ()
= elogq
ge \V
< 1
3 (elogq>

N>1

It is clear now that we have the right result by considering e sufficiently
small.

We have established the convergence of the formal solution in the con-
vergent case. There is no hope for such a simple result in the general case,
as some of the monomials of W* are divergent series. The only hope for
such monomial is to find a resummation process, which, as in the classical
framework of differential equations, yields some sectorial sums having these
divergent series as their asymptotic expansion. The usual Borel-Laplace
transforms cannot work here as because the classical Borel transform does
not yield a convergent function. Nevertheless, there has been some recent
results by C. Zhang (see [2],[3]) on a g-analog to the Borel-Laplace trans-
form.

- 443 —



Frédéric Menous

7. Notions of ¢g-summability

We just give some definitions and properties here. For more details, see
3]-

7.1. Definitions

Here, k and s are positive real numbers such that ks = 1. Let
= Zanx" € C|[[z]]. Let
nz0
<) — Zanq—sn(n—l)/.?cn (71)
nz0

be the formal q-Borel transform of order s (or of level k) of f. The inverse
of B, is the formal g-Laplace transform of order s L4 and the set of g-Gevrey
series of order s is

Cllz]]s = L..C{¢} (7.2)
Once again C is the Riemann surface of the logarithm. If log is the principal
determination of the logarithm then, of course,

1
log, = = 1—2% = log, |z| + iarg,z.
For 6 € R, 3
dg = {z € C;argz = 6} (7.3)

is the direction of argument 6. A sectorial neighborhood of dg is a subset of
C:

Sp. = {z € C;|arge — 6| < ¢} (7.4)
An analytic germ is an analytic function defined in a disc:
D(0,R) = {z € C;|z| < R} (7.5)

and Q is the set of such germs.

An analytic function ¢ defined on a radially unbounded open set V' has
a q-exponential growth of order k and of finite type if there exists u € R
such that

o(¢) = O(CHgElo8ally (¢ large, C€V) (7.6)

We note H? the set of functions ¢ € @ that can be analytically continued
in a sectorial neighborhood of dg such that

1. ¢ has an asymptotic development in the sense of Poincaré at “0 € C”
in V;
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2. ¢ has a g-exponential growth of order k and of finite type in V.

Then )
H) =H,NC{¢} and E,= () HY (7.7)
0€(0,27)

DEFINITION 7.1. — Let f € C[[z]]s and 8 € R.

(i) f is g-summable of order s in the direction dg if Bsf € HY; we note
fec{z}!.

(i) dg is a singular direction of order s for f if Bof ¢ HY: 6 € DS(f).
(i11) f is q-summable of order s (f € C{x},) if DS(f) N[0, 2n] is finite.

For example

f(.’]?) — Zq—n(n—l)/2a:n

n>0
is g-summable of order 1 and DS(f) = {2kn ; k€ Z} as:
Bui(Q) = —
1 =1=¢

If f € C{x}s, we can define the analytic q-Laplace transform of fg = S"gsf
in the direction dg (0 & DS(f)) where S? is the the operator of analytic

continuation along dy:

g V@R \/k
V2nlogq Jg,

and fo € O is the g-sum of order s of f in the direction dg.

fo(@) = L2 fola) = g~ 5008, )0z, %—We(o% (78)

There exists also a convolution product on C[[z]]s: Let f(z) = > anz™
and g(x) = > b,z™ two elements of C[[z]]s and f and § be their respective
formal g-Borel transform, then

Fxs6(Q) = Bs(fg)

—sn(n—1)/2 n 2 —sn
ang ¢"9(Cq™")
nzzo (7.9)

Z bnq—sn(nfl)/ZCnf-(Cq‘sn)

nz0

Il

Il

There is a first difference with the classical Borel-Laplace transform: If f
and g are two element of C{z}? then fg € (C{x}z/z thus fg is not g¢-
summable of order s (see [3]). To circumvent this difficulty, we need to
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define g-multisummability (see [3]). Let Q1 be the set of strictly increasing
sequences of elements of RT*.

DEFINITION 7.2. — If §= (s1,...,8;) € Qt, § € R and f € C|[z]],

1. f is g-multisummable of order § in the direction dg (f € C{z}%) if:

o feClz]]s,;
o B, feH _, ;
-~ ~0 )
° Egr-ﬁl—sr,] - Egr_s,nfngBsrf € HSTAJ_STAJ—I fOT‘ 1< j<r— 2;
5 ~0
o L0 . .0 . S°B, feH,.

2. If f e (C{x}g the q-sum of f in the direction dy is:

Sif=c8rc8 _, ...c0

s2—51 Sr—8p—1

S°B,, f (7.10)
3. The direction dg is singular for f (6 € DS(f)) if f &€ C{z}4.

4. f is g-multisummable of order § if DS(f) N[0, 2] is finite. We note then
f e {x}s.

For details, see [3].

7.2. Applications

We just give two results that are enclosed in [3].

PROPOSITION 7.3. — Let 0 € R and s > 0.

Vf,g € C{z}], fgeC{a}l,ns and 8,5 (f9)=8lfSg (7.11)

Let A be a g-difference operator

A =ag(z) + ...+ am(z)oy” (7.12)

where m > 1, ag(x)am(z) # 0 and aj(z) € C{z}. Let val(a;) be the
valuation of aj. We note PN(A) the Newton polygon of A: it the con-
vex hull of the ascending half-axis starting from the points (j,val(a,))
(0 < j £ m). One can suppose that the slopes of PN(A) are integers.
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THEOREM 7.4 (Zhang and Marotte). — If f € C[[z]] is such that Af €
C{z}, then f € C{x}s where the elements of § € Qt are the inverses of
the positive slopes of PN(A). In particular, if PN(A) has no positive slope,
then f € C{z} = C{x}y.

This last result should be useful to study the g-multisummability of the
monomials of W*.

8. ¢g-multisummability for W*

8.1. First result
THEOREM 8.1. — Form € H, there exists 8" such that

Wme C{z}m (8.1)

This result becomes obvious by noticing that there exists Ay, € C{z}[o,]
and gy € C{z} such that

For n € H, we note DS(n) = DS(W™). Unfortunately, this result is not

sufficient to define a global g-sum for the operator ©. We give now a list of
problems that remain unsolved.

8.2. Open problems
8.2.1. Problem 1: Orders of ¢g-multisummability

For n € H, we would like to have a complete description of 3"7. If

n= ( Zl R Zs , the first computations for s = 1, 2, 3 indicate that
1 IR s
the elements of 57 are the numbers
1 1 . .
——=————— where 1<i<s and ;<0
T; n1 —|— e + n;

and it should not be so difficult to prove this.
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8.2.2. Problem 2: Singular directions

For n € H, it does not seem easy to find the set of singular directions
DS(n). One can note that if n > 0 and 0 > n then n = ( —Un ) € H and
A, =1a"0g — 1, gy(x) = 27 thus

W e C{z} 1

and DS(n) = {#2k k€ Z} (see [3]). So, for n € H, DS(n) is discrete but
we would like to define a global g-sum ©y for © by

O =1+ Y el (s%W") Dy (8.3)
neH

It means that we must have

0 ¢ DS(©) = |_J DS(n)

neH

but this set is no longer discrete. This problem seems unavoidable and is
one of the motivation for introducing arborification (see section below).

8.2.3. Problem 3: Symmetry relations for W*

Let us just forget the previous problem and suppose that we can define
a global ¢g-sum ©y for © by

O =1+ Y el (s%w") Dy (8.4)
neH

The operator © was a substitution automorphism because the mould W*
is symmetrel:

If (n, ) € H?, then,

wowk = Y wA
A€&ctsh(n,u)

But ©¢ must also be a substitution automorphism: For

0¢DS(muDS(u) |J DSM)

A€ctsh(n,u)
we must check that:
0 0 _ 0 /A
SWISLEWH = Y SuW (8.5)
A€ectsh(n,p)
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and this problem is non-trivial. To prove such identities, we would need to
prove that there exists (¥ € Q% such that

WTWH € C{z}onu and S, ., (WIWH) = SGW.S5 WH

5(n.n)

Note that such a sequence 5™") exists as one can prove that WTWH is also
a solution of a ¢-difference equation (see [3]).

8.2.4. Problem 4: Estimates and convergence of Oy

Let us now forget the two previous problems. It means that we could
define a symmetrel mould Wy for some § € R by:

Vne H, W, =S8qhHw"
It remains to prove that the substitution automorphism
(")9 =1+ Z eg””W;’]D)n
neH

is a convergent operator. On one hand, there should not be any difficulty to
get similar results to those obtained in Lemmas 6.4 and 6.5. On the other
hand, our guess is that we do not have such good estimates for Wy as in
Lemma 6.3. This would mean that Gy is no longer normally convergent and
this motivates once again the introduction of Arborification.

Let us now define the arborification and show what these problems be-
come.

9. Arborification for the mould W*

9.1. Reminder on the contracting arborification

We follow the definitions of J. Ecalle [1]. Let us consider an additive
semigroup H. The set H is the set of sequences on H, where a sequence is
a totally ordered sequence of elements of H, with possible repetitions.

An arborescent sequence on H is a sequence 1< = (1y,...,ns)< € H
of elements of H with an arborescent order on the indices {1,...,s}: each
i€ {1,...,s} possess at most one predecessor i_. We note n< = n'< @ n’’<

the dlSJOlnt union of ’I']/< and 'I']”<, the partial orders of ’l]’< and ’l]”< being
reserved and the elements 17'< are not comparable with those of ‘l]”<. @ is
p
the em ty sequence. A sequence 17< is irreducible if it is not a. diSjOiIlt union
p
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of smaller nontrivial sequences; that is to say that it has exactly one least
element.

We remind here that a mould A®* = {A"} on H with values in a commu-
tative algebra is a family of elements A" indexed by the sequences n € H of
H. For example, W* is a mould on H with values in C[[z]]. Moreover, this
mould is symmetrel: W? = 1 and, for any pair (7/,1), we get

wrTwn = Z ctsh mn wn (9.1)
n .

/ i
Where ctsh ( n ’TIn ) is the number of ways to get n by contracting shuf-
fling of 77’ and n".

We also remind that an arborescent mould A*~ = {A""} on H with
values in a commutative algebra is a family of elements A" indexed by the
arborescent sequences n< € H< of H. Such an arborescent A*"is separative
if:

A" =1 and Vi/<,qg'<, ANTONS = gt gn"t (9.2)

We get such arborescent separative moulds by contracting arborification
of symmetrel moulds. This operation is defined as follows.

Let n< = (m1,...,71s)< be an arborescent sequence and ' = (0}, ...,n.)
<
a totally ordered sequence. Let cont ( TZ]’ ) be the number of monotonic

contractions of < on 7/, that is to say the number of surjections o from
{1,...,s} into {1,..., s’} such that:

(11 < iz in <) = (0(i1) < o(i2) in 7’) (9.3)

Vie{l,...,s} 5 mi= > m (9.4)

o(i)=j

< < ’
AT = Zcont < 1;’1, )A” (9.5)

defines a homomorphism from the algebra of moulds into the algebra of
arborescent moulds. Moreover, the contracting arborification of a symme-
trel mould is separative. One can also notice that, if 5 is a totally ordered
sequence and < is that arborescent sequence with the same order (total),

then A" = A".

The relation

Let us now focus on the mould W*.
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9.2. The arborescent mould W**

We will first change some notations. Let < = (11,...,7s)< be an ar-
borescent sequence of length s and of sum ||n<|| = 1, +...+n,. We redefine
the partial sums:

o= Ly (9.6)
g = i nj
where the orders < and > are now relative to the partial order on {1,..., s}.

We have the following theorem:
n ns \° n\°
THEOREM 9.1. — Ifn< = (n1,...,ns)< = ( Ly Ts ) = ( ) €
01y...,0g
H<, then the monomial W is a formal series and:

<

wn (;1;) = ep< Z m||0||+151n1+...+ksnsq—fmcn—...—ksas [k1+1]g1 o [ks+1]gs
(k1,...,ks)<€ZD<
(9.7)
with the following rules
o The sequences n< and (ki,...,ks)< inherit the partial order of n<.
® cn = [[1cics €n, with Ny = Z]}i n; and €, = 1 (resp. e, = —1) if

n>=0 (resp. n <0).

<

o ZM = (Z™M x ... x Z*)< and Z" = Z** (resp. Z~) if n > 0 (resp.
n <0).

o k=YK

The proof is similar to the proof of Theorem 5.1.

We must now define a dual operation, the coarborification, on the co-
mould {Dy,} e, which is such that

6 = 1+Y W, = 1+ erlwm,
q < << (9.8)
= 1+ZW" D’I< = 1+Z€¢|Itn “W" Dn<
n< n<
9.3. Definition of the coarborification
THEOREM 9.2. — There exists a unique arborescent comould De< with

the three following properties:
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(i) De< is coseparative: Dy = land
col(Dy<) =Y Dy< @< (<& 0"< =7°) (9.9)

with a sum extended to the arborescent sequences n'<,n"'< (even the empty
sequences) which disjoint union is <.

(i) If deg(n<) = d, Dy< is a differential operator of degree d in 9,:
if the sequence n< has exactly d minimal elements and thus:

" =n'"@...0n% (with n'< irreducible and # 0) (9.10)
the operator Dy< can be written:

Dp< = b(u)d (9.11)

(i) If n< = n1.*< (M~ has a least element 1, followed by an arborescent
sequence M*< ) we get:
]DJ,7<.u = ]D)ﬂ*<'D7I1'u (9.12)

Moreover, as Do is cosymmetrel
<
Dy =Y cont ( ’777, ) Dy< (9.13)

These results were proven by Jean Ecalle (see [1]). Note that Dy = 1 and

Bm if’l71 € Hy

Dy = (D, 1)0u :{ 0  otherwise (9.14)

and if the length of < is greater than two:

e Either < is irreducible: n< = 7;.77*< and of degree d = 1. Thus:
Dy< = (Dype<. Dy, )0, (9.15)

e Either n< is reducible of degree d > 2 and < = 9'< @ ... @ i<
(with n*< irreducible and # 0), in this case:
1
di!...ds!

where di,...,d,; are the numbers of identical arborescent sequences
7°< in the decomposition into irreducible sequences, of course

Sd; = d.

Dy< = (Dyrc w) .. . (Dyac -u)dy (9.16)
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One can also notice that if a sequence 1< is irreducible of sum
ln<|| & Ho, then Dy< = 0. This property remains valid if < has at least
a monotonic partition 17'<,...,n°< with an irreducible part < such that
lm*<|| € Ho. It means that we can restrict ourselves to the arborescent se-
quences (n1,...,7s)< such that, for 1 <i<s, % = 3;,,m; € Ho. We note
Hg this set of sequences. For details, see [1]. We can finally write

© = 1+) el"lwm,

n
_ 14 Y WD,
n<eH<
1+ Z €gn<”Wn<Dn<
n<eHy

(9.17)

We end this section with a discussion on the interest of using the arbori-
fication - coarborification to solve the problems described in section 8.2.

9.4. Open problems
As in section 8.1, we get
THEOREM 9.3. — For n< € Hy, there exists 5" such that

W7 € C{z} m< (9.18)

To prove this it is sufficient to notice that, once again, there exists
Ap< € C{z}{o,] and gy< € C{z} such that

A< W7 = g (9.19)
For n< € Hy, we note DS(n<) = DS(W"").
9.4.1. Problem 1: Orders of g-multisummability

For n< € Hy , we would like to describe s"° . This doesn’t seem as simple
as in the case of totally ordered sequences. If

n<=n'<@®...&n* (with 9 irreducible and # 0)
The set s7° contains the elements of s - e, s but, as
d<

Wt =W wn
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the multiplication of the different factors yields new elements in s . Nev-
ertheless, we can assume that if n< € Hy is of length r and for 1 <4 < r,
f; > 0 (with respect to the partial order inherited by n<), then W7~ is a

. . . < .
convergent power series. Otherwise, the greatest element in s is always
1. This means that, to compute the g-sum, one always starts by a Borel
transform of order 1.

9.4.2. Problem 2: Singular directions

For n< € Hy, if W is not a convergent power series, it seems that, af-
ter a first Borel transform of order 1, we always get a meromorphic function
whose poles are {¢" ; n >0},

{2km; k € Z} € DS(n*) (9.20)

But it seems that, if 6 # 0[27], we can perform the successive accelerations
(to get the g-sum), and the accelerated functions do not have any singular
direction. This would mean that

{2km;k € Z} = DS(n<) (9.21)

This result needs to be proven but, if it is true, there is no problem of
singular directions as

DS(®)= | J DS@~)={2m;k e Z} (9.22)
n<eH;

This means that, if § # 0[27], we can define a g-sum for ©:

O =1+ Y el (Sj,,< W’7<> Dy (9.23)
n<eH;

9.4.3. Problem 3: Symmetry relations for we*
The operator
© = 1+ el"lwm,

n

- In<ypn<

= 1+ Y "W D, (0.24)
17<€H<

= 1+ Y el WD,
n<€Hg
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is a substitution automorphism because the arborescent mould W*~ is sepa-
rative: f < = n'<&...@ne< then W™ = W7~ . W™ . If we want O to
be a substitution automorphism, we must check that, if n< = n'<@...@n?<
then, for 6 # 0[2x],

9 ,'7< _ 0 ,’,1< 6 ,’,d<
S7e W = (Ssn1<W ) (SSU,KW ) (9.25)

but this property is not obvious.

9.4.4. Problem 4: Estimates and convergence

Suppose that we could define a separative arborescent mould Wy “ for
0 # 0[27] by:
< <
Vn< e Hy, Wj =85 W

It remains to prove that the substitution automorphism

Q=1+ > eln W) Dy
n<eHg

is a convergent operator. Qur guess is that we do not have such good esti-
mates for W9'< as in Lemma 6.3. But, due to the coarborification, the norms
associated to the operators Dy< must become much more smaller than in
the Lemma 6.5. This phenomenon did already appear in numerous examples
(see [1]) and it should reestablish the convergence of ©y. The problem that
remains to solve is to get precise estimates on the behavior of W0'< in the
neighborhood of 0.

10. Conclusion

There are still problems to be solved to get a complete understanding of
non-linear g¢-difference equations. This calls essentially for new theoretical
results on g-multisummability of formal series that are solutions of a linear
g-difference equation.

The different problems can be summarized as follows. The set A € C{[z]]
of formal power series that are solution of a linear g-difference equation
is an algebra. If f; and f> are two elements of A, it is not difficult to
see (algorithmic-ally) that fi + f2 and fi.f2 are solutions of some linear
g-difference equation. Because of the results of Zhang and Marotte (see
[3]), each element of A is g-multisummable. The results we need can be
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formulated as follows: Let A = {f € A ; 0¢DS(f)}.If f € A%, fisq-

multisummable and we note S f € O its g-sum. This defines an application
from A% into O and the fundamental questions we need to answer to are:

1. Is A% an algebra ?

2. Is 8% an homomorphism from 4? into 0 (this would solve many of
our problems) ?

3. Can we get precise estimates on S?f € Oina neighborhood of 0,
knowing precisely the linear g¢-difference equation having f as a solution
(This would help in problem 4) ?

We should be optimistic on these problems.

Besides these questions, there should not be any difficulties to generalize
our methods to systems:

(.’L'O'q—Al)fl = bl(maflw'wfn)

(10.1)

(.’L'O'q—)\n)fn : bn(x’fly‘"afﬂ)

with, for 1 < ¢ < n, 4;(0,0,...,0) = %bi(0,0,...,O) = 0. The only new
phenomenon should be one similar to the one that appears in the study of
vector fields and diffeomorphisms (see [1]): There should be some problem
of resonance and small divisors related to the multipliers \; and we will
certainly have to add some Diophantine condition on these multipliers. On
the same way, we should be able to apply our methods to systems with
several levels:

(zMog = M)fi = bz fr,-.., fa)

(10.2)

(@Fnoy = A)fr = bal®, f1,.--, fn)
with (ky,...,kn) € Z™. We should study such systems in the future.

We didn’t write anything about the analytic classification of such sys-
tems of g-difference equations. There is a lot of work to be done here. Fol-
lowing the ideas of Jean Ecalle (see [1]), there should be a way to define
g-alien derivations related to the definitions of the ¢g-summability. Only a
few steps have been done on the way to define such operators but they seem
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to exist and, as in the classical case of differential equations, these operdtors
should lead us to find a Bridge equation that encodes the analytic invariants
associated to such systems: this would yield a complete description of the
analytic classification and of the Stokes phenomenon.

(1
(2]
(3]
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